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Abstract 

Let K be any finite unramified extension of Q p . We construct analytic families of etale 
(if, Vk )-modules which correspond to all the effective crystalline characters and some families 
of n-dimensional crystalline Galois representations of Gk =Gal(Q p /.K'). As an application, we 
compute semisimplified modulo p reductions for some of these families. 
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1 Introduction 

Throughout this paper p will be a fixed prime number, K a finite unramified extension of Q p and 
E a finite, large enough extension of K with maximal ideal uie and residue field kg. We denote / 
the degree of K over Q p and a the absolute Frobenius of K. We fix once and for all embeddings 
K<—> E <— > Q p and we let Tj = e o a' J for j = 0, 1, ...,/ — 1. We fix the /-tuple of embeddings 
| t |:= (to,ti, ...,t/_i). The map £ : E <g> K — ► f| -E with £(x <8> y) = (xr(y)) T is a ring 

t:K^->B 

isomorphism. We denote -E' r ' = J J E. The ring automorphism ® a : E ® K E (gi K 

t:K^E 

transforms via £ to the automorphism tp : E^ — > _B' r ' with ^(a^o, X\, = %f-i, %o)- 

We denote ej = (0, lj, ...,0) the idempotent of i?' T ' where the 1 occurs in the rj-th coordinate, 
for each j £ {0,1,...,/ — 1}. Let p : Gk —> GLe{V) be a continuous i?-linear representation 

of G K =G&l(Q p /K). Recall ([6], §3) that D crls (V) = (B cris ®q p V) Gk , where B cris is the ring 
constructed by Fontaine in [13] , is a filtered cp-module over K with ^-coefficients and is crystalline 
if and only if D cr i S (V) is free over E ® K of rank dim^ V. 

Throughout the paper we assume that V is crystalline. One can easily prove (c.f. [T7] appendix 
B) that V is crystalline as an i?-linear representation of Gk if and only if it is crystalline as a Q p - 
linear representation of Gk- We may therefore extend E whenever appropriate without affecting 
crystallinity. By a variant of the fundamental theorem of Colmez and Fontaine (c.f. [TU], Theoreme 
A) for non-trivial coefficients, the functor V i— > D cris (V) is an equivalence of categories from the 
category of crystalline £J-linear representations of Gk to the category of weakly admissible filtered 
(^-modules (D,ip) over K with ^-coefficients (see [B], §3). Such a filtered module D is a module 
over E £g> K and may be viewed as a module over via the ring isomorphism £ defined above. 
Its Frobenius endomorphism is bijective and semilinear with respect to the automorphism tp of 
i?' T '. We filter each component Di — eiD of D by setting FiP Di = aFiVD. An integer j is 
called a labeled Hodge- Tate weight with respect to the embedding tj of K in E if and only if 
eiFil- j D ^ e l Fil- j+1 D, and is counted with multiplicity dim^ (e l Fir j D/e 4 Fir- J+1 D) . Since the 
Frobenius endomorphism of D restricts to an Edinear isomorphism from Di to for all i, the 

components Di are equidimensional over E. As a consequence, there are n — rank E<g>K(D) labeled 
Hodge- Tate weights for each embedding, counting multiplicities. 

The labeled Hodge- Tate weights of D are by definition the /-tuple of multisets (Wj) Ti , where 
each such multiset Wi contains n integers, the opposites of the jumps of the filtration of Di. 
The characteristic polynomial of a crystalline E'-linear representation of Gk is the characteristic 
polynomial of the £^ r '-linear map <pf , where (D,ip) is the weakly admissible filtered (^-module 
corresponding to it by the Colmez- Fontaine theorem. A filtered ^-module (D, tp) is called F- 
semisimple, non-F-semisimple, or F-scalar if the i?' T '-linear map tpf has the corresponding property. 
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We may twist D by some appropriate rank one weakly admissible filtered (^-module (see Proposition 
12. 4| and assume that Wi — {— Wm-i < •■■ < —Wi2 < — u>a < 0} for all i = 0, 1, /— 1. The Hodge- 
Tate weights of a crystalline representation V are the opposites of the jumps of the filtration of 
D C ris{V). If they are all non positive the crystalline representation is called effective. 

1.1 Etale (<f, r)-modules and Wach modules 

Let K n = K{[i p n.) where is a primitive p™-th root of unity inside Q p and AToo = U n >iK n . 
Let x '■ Gk — > be the cyclotomic character. We denote Hr = ker% =Gal(Q p / K^) and 

oo 

T/f = Gk/H k ^G&^K^/K). Let A^- be the ring defined by A K = { a n^K '■ a n G 

n— — oo 

Ox and lim a„ = 0} where ttk is a formal variable. Ak is equipped with a Frobenius endo- 

n — > — oo 

morphism which extends the absolute Frobenius of Ok and is such that <p(ttk) = (1 + kk) p — L 
It is also equipped with a commuting with the Frobenius T^-action which is Oj<--linear and is such 
that "/(ttk) = (1 + ttk) x ^ — 1 for all 7 G T^. For simplicity we write tt instead of ttk- The ring 
Ax is local with maximal ideal (p), residue field = fc^((7r)), where kx is the residue field of K, 
and fraction field = A# [-]• A (ip, r)-module over Ak (respectively B^) is a free A/f-module of 
finite type (respectively finite dimensional B^-vcctor space) with continuous commuting semilinear 
actions of p> and Fx- A (p, r)-module M over A^- is called etale if ip*(M) = M, where tp*(M) is 
the A^-module generated by the set <p(M). 

A (p, r)-module M over Mk is called etale if it contains an A^-lattice which is etale over 
Ak- Fontaine proved that there is an equivalence of categories between p-adic (respectively Z p - 
adic) representations of Gk and etale (<p 7 r)-modules over Mk (respectively Ak) given by the 
functor V i-> D(V) = (B <g> Qp V) Hk (respectively T i-> D(T) = (A ® Zp T) H *), where A and 
B are rings constructed by Fontaine (c.f. [14]) with the properties that Ak = A Hk and Mk = 
M Hk . When studying the category of E (respectively Os)-linear representations of Gk we re- 
place Mk by E ®q p Mk (respectively Ak by Oe ®z p Ak)- In this case the <p and T^-actions 
are E (respectively 0£)-linear. There is a ring isomorphism £ : Oe ®z A k — > J J Cb[[7t]] 

(00 \ 00 

J2 PnK n = X) T i {fin) I"™ for all 
n=0 / n=0 

00 

b = e A+. The ring C E [[7r]]l T l := J] °e[[tt]] is equipped with (^-linear actions 

n=0 ' r:/\ •/ 

of ip and given by (p(a (n),ai(Tr), ...,a/_i(7r)) = (ai(ip(ir)), otf-i(<p(n)), a {if(Tr))) and 
7(ao( 7r ) I cn( 7r )i a /-i( 7r )) = ( a o(7 7r )i a i(7 7 ''): a /-i(7 7r )) f° r all 7 G Fif- A natural question 
is to determine the types of etale (</?, r)-modules which correspond to crystalline representations 
via Fontaine's functor. An answer is given by the following Theorem of Berger who used previ- 
ous work of Wach [TH], [2U] and Colmez [8]. In the following Theorem and throughout the paper, 
A+ = O k [[tt]]c A k and B+ = A+ [±] c M K . 

Theorem 1.1 (fl^ II. 1, III. 4.) Let V be an E-linear representation of Gk- The representation V 
is crystalline with Hodge-Tate weights in [— k,0], for some non negative integer k, if and only if 
there exists an E ® Q M K -module N(V) contained in D(V) such that: 

1. N(V) is free of rank d = dim^(y) over E ®q B^; 

2. The Y K-action preserves N(V) and is trivial on N(V)/itN(V); 
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3. <p(N(V)) C N(V) and N(V)/<p*(N(V)) is killed by q k , where q = <p(n)/n. The module N(V) is 
endowed with the filtration FiP(N(V)) = {x G N(V) : <p(x) G q j N(V)} for j>0 and N{V)/nN(V) 
is endowed with the induced filtration. Then 

D cris (V) ~ (N(V)/irN(V)) 

as filtered (p-modules over i?' r '. Moreover, if T is a Gx-stable, Qe -lattice in V, then N(T) = 
D(T)r\N(V) is a b [[tt]]I t I -lattice in N(V) and the functor T i-> N(T) gives a bijection between the 
Gx-stable, OE-lattices in V and the Oe H 71 "]]' 1 "' -lattices in N(V) satisfying the following conditions: 

1. N(T) is free of rank d — dim e(V) over Qe[[tt]]' t '; 

2. The V K-action preserves N(T) and is trivial on N(T)/nN(T); 

3. (f(N(T)) C N(T) and N(T)/(p*(N(T)) is killed by q k . □ 

Such modules N(V) are called Wach modules over E ® Qp B+ (respectively O e ®z p A+). The 
etale (<p, r/f)-module D(V) is obtained from N(V) by extension of scalars. Constructing the Wach 
module of a crystalline representation amounts to explicitly constructing the crystalline represen- 
tation. It has the advantage that instead of working with the more complicated rings A^- and Bjf, 
one works with the simpler ones and B^"-. 

The purpose of this article is to construct families of Wach modules corresponding to effective, 
crystalline E'-linear representations of Gk, and use them to study the reductions of the correspond- 
ing crystalline representations modulo p. 



1.2 Overview of the article 

In section [5] we construct the Wach modules corresponding to all effective, crystalline E x -valued 
characters of Gk- In Section [3] we provide a general method for constructing families of Wach 
modules of two-dimensional crystalline representations and, as an application, we prove that all 
the members of any such family have the same semisimplified modulo p reduction (Theorem 13 . T|) . 
Our method generalizes the method used by Berger-Li-Zhu in the two-dimensional case, when 
K — Q p - In Sections S] and [S] we apply this method to construct some families of Wach modules 
of two-dimensional crystalline representations. The semisimplified mod p reductions of some of 
these families are computed in Sections [5] and [6] In Section [5l we also obtain explicit formulas for 
the semisimplified modulo p reductions of any reducible two-dimensional ^-representations of Gk 
(Theorem 15. 6|) . For this, a classification of F-semisimple, two-dimensional crysrtalline representa- 
tions of Gk with arbitrary, large enough, coefficients is essential. Such a classification is recalled in 
Section For the proofs of the corresponding results see [T5]. In Section [7] we explain how to use 
the method of Section [3] to construct families of Wach modules of n-dimensional representation of 
Gk- Moreover, we construct a family of three-dimensional crystalline representations of Gq p and 
compute its reduction modulo p. 

Notation: Assume that after ordering the weights hi and omitting possibly repeated weights we get 
wq < w\ < ... < Wt-i, where wq is the smallest weight Wt-i the largest weight, with 1 < t < /. 
For convenience let W-x = 0. Let Io = {0, 1, / — 1}, Iq = {i G Io '■ h > 0}, I\ = {i G Io '■ h > 
wo}, h = {i G Iq : h > Wx},...,I t -i = {i G Jo : h > w t _ 2 } ={i G Io : h = w t -i} and I t = 0. We 
denote k = Wt-\ = maxjfco, fci, and w = (Asi, k2, kt-i, ko)- For each J C Iq we write 

f-l 

fj = ^2 e i an d -E' TJ ' = f,fE\ T \. If x G i?' T ' we denote Xi its i-th coordinate, Nm v (x) := Yl { P l {x), 

i£j i=0 
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//-I \ 

v p (Nm v (x)) '■= v p [ II x i\ (where v p is the normalized p-adic valuation of Q p ) and Jg the set 



i=0 



{i £ Jo : i, ^ 0}. // I is an integer, we write £ — {£,£, ...,t) and v p {x) > i (respectively v p (x) > £) 
if and only if v p (xi) > I (respectively v p (xi) > t) for all i. For any matrix A € M2(i?' r '), we write 
Nm v (A) := Ap(A)...p^ 1 (A) with ip acting on each entry of A. 

2 Construction of the effective rank-one Wach modules 

In this section we construct the rank one Wach modules over Oi?[[7r]] |r| with labeled Hodge-Tate 
weights {— h} Ti . 

Definition 2.1 Let q = where <p (tt) = (1 + ir) p — 1. We define q\ = q, q n = ip 1 ^ 1 (q) and 

A / = II y—f^) ■ For each 7 € T K , we define A/, 7 = 

Lemma 2.2 For each 7 6 Tk, the functions A/, A/ i7 G Q p [[7r]] /iawe £/ie following properties: (1) 
A / (0)=l;(2) A^el + TrZptM]. 

Proof. (1) This is clear since — 1 for all n > 1. (2) One can easily check that ^ G l+7rZ p [[7r]] . 
From this we deduce that A/ )7 € 1 + 7rZ p [[?r]] . ■ 

Consider the rank one module Nets = (C_B[[7r]]l r l) 77 equipped with semilinear actions of ip and 
T K defined by <p(r,) = (Cq k \q k \ g/^, g fc °)r/ and T (??)= Gtf^WW. -flj-i W,5jW)r? for 
all 7 G Fr-, where C G 0^. We define the functions g^Tr) — ff/M ^ ^-eIM] appropriately to 
make Nc,w a Wach module over Os[[7r]]' r '. The actions of ip and 7 should commute and a short 
computation shows that g should satisfy the equation 



^o)=.o(f) fc ° (^(f)) fel -(^ 



fel / \ fc/-l 
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pi^)) ... {<p*~ 1 (^)) Zias a unique = 1 mod 7r 
solution in Z p [[7r]] given fey go = (A/. 7 ) fc ° (¥>(A/ !7 )) fel (p 2 (Xf n )) k2 ... (pf~ 1 (Xf n )) k ^ 1 . 

Proof. Notice that pf(Xf) = p/y and ipi (7A/) — ^Wp hence A/ i7 = -^jj solves the equation 
ipJ (u) — u (j^j ■ Since the actions of p and 7 on Z p [[7r]] commute, 

.go = (A M ) fc ° (^(A /!7 )) fel (p 2 {X fn )) k2 ... (^"'(A^))*'- 1 
is a solution of the equation above and ga = 1 mod7r by Lemma 12.21 If ui, 112 are two solutions of 



^ (u) = B (T!«)»o (p( 79))fc....(p/-i(2?))*/-i 
a q q 

congruent to 1 mod7r, then (21.) G Z p [[7r]] is fixed by tpf and is congruent to 1 mod7r, hence equals 
1. ■ 
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Commutativity of ip with the reaction implies that 

k 2 / \kf- 



5/-2 = {±) k ^ (<p(%)) k, ~ 1 (^ 2 (A/, 7 )) fe ° (^ 3 (A/, 7 )) fel ... (^(A/,,))*'- 1 , 



= M^)f° (^ 2 (A/, 7 )) K1 (<^ 3 (A/, 7 )) ... (^(A />7 ))^" 

From the equations above and Lcmma l2.2l we deduce that <?; = 1 mod7r for all i. 

Proposition 2.4 Let Nc.w = (C-eH 71 ']]' 7 "') V be equipped with semilinear ip and Y K-actions defined 
by <p(rj) = {Cq k \q k \...,q k i-\q ka )ri and 7(77) = (gf(n), g%(ir), ...gj_ x {jr), g^{n))n for the g^w) = 

gj{^) defined above. The module Nc,w is a Wach module over OeW^]]^ with labeled Hodge-Tate 
weights {— ki} Ti , and is such that 

D c ,is £ |T| (g) {Ncis/nNc,*) 

Q \T\ 

E 

as filtered tp-modules. The filtered ip-module Dc,w = (-E' T ') rj has Frobenius endomorphism tp(rf) = 
(Cp kl ,p k2 , ... 1 p kf - 1 ,p k °)rj and filtration 



E\ TI o\r) if j < w , 

E^'^n if l + w <j< wi, 

E lTl ^ l n ifl + Wt-2 <j <w t -i, 

ifj^l+Wt-L 



Proof, (a) To prove that Yk acts on Nc,w> it suffices to prove that gj ll2 {^) = g^Jiig] 2 ) for all 
7i, 72 G Yk and i G Jo- This follows immediately from the cocycle relations 7l7 ^( g ) = ~ti(q) ^ 1 ( i2(q) ) 
and A/. 7l72 = A/ l7l 7i(A/ !72 ) along with the definition of the gj{^), i G Iq. Since <?7( 7r ) = lmodvr 
for all i € Io> Yk acts trivially on Nc,w/ttNc,w- 

(b) Let fc = maxjfco, fei, fc/_i} and ip*(Nc,w) be the 0£[[7r]]l r l-linear span of the set <p(Nc,w)- 

/-1 

Since g fe ?7 = £ (q^^C^) tp(n) G ip*(N c ,as), where C x = C" 1 and C 4 = 1 if i ^ 1, g fc kills 

i=0 

N c ,w/<p*(N c ^). 

(c) To compute the filtration of Nc,w, we use the fact that q 3 \ ip(x) if and only if tt j \ x for 
any x G C_e[[7t]]. Let x = (x ,xi, ...,Xf-i)r) G Nc,w- By Theorem 1 x eFUPNcw if an d only if 
<p(x) G q J Nc,w or equivalently q 3 \ ip(xi)q ki for all i G /o- If J < fcj there are no restrictions on Xi 
and if j > fcj, then this is equivalent to Xj = 0mod7r :,_ ' Ci . Therefore, 



ei FiFJV c ^ 

This implies that 



eiN c ,w if j < fcj, 
e^^^OsMv if j > 1 + 



£ |T| (g) e 4 FiP (Ncn/nNc,*) = 



dE^T} if j < fc, 
if j > h. 



G 



For the filtration, notice that 



/-i 

£ |T| (g) FiP {NchI-kNc,*) = I £ M (g) (HF&{Nc,v!/TNc,vt) 

*=«> V oj; 

f c.f. [121 § 2.3]). The isomorphism of filtered modules is obvious. ■ 

Proposition 2.5 Let fco, fci, l &e integers, not necessarily non negative. The weakly admis- 
sible rank one filtered ip -modules over _E' r ' with labeled Hodge-Tate weights {— k{\ Ti are of the form 
Dw,a — -E' r '?7, with ip(e) — (ao, ct\, af-i)r) for some a = (eta, eti, ctf-i) € (£? x )' r ', such that 
v p (Nm v (a)) = ki and 

■ E^ Tl o\f] if j < w , 
E\ T 'i\n if l + w <j < wi, 

E^-^n ifl + Wt-2 < J < wt-i, 
ifj>l + w t -i. 



FiP(D^ s ) 



The filtered ip-modules and D~ s are isomorphic if and only ifw — v and Nm^a) = Nm v (P). 

Proof. Mimic the proofs in [12], § 2 and 3. ■ 

Corollary 2.6 All effective crystalline E x -valued characters ofGx are those constructed in Propo- 
sitionWlX 



3 General construction of families of effective Wach modules 
of arbitrary rank 

We extend the method used by Berger-Li-Zhu (c.f.[4]) to the case of Gk, where K is any finite, 
unramified extension of Q p . In order to construct the Wach module of an effective crystalline 
representation, we need to exhibit matrices II and G 7 such that Hip(G 1 ) = G 7 7(II) for all 7 £ Tk, 
with the additional properties imposed by Theorem ll.il In the two-dimensional case, when K — Q p , 
assuming that the valuation of some parameter is suitably large, it is trivial to write down such a 
matrix II and the main difficulty is to construct the commuting with it IV- action. When K 7^ Q p , 
even in the two-dimensional case, finding a matrix II which gives rise to a prescribed weakly 
admissible filtration seems to be at least as hard as constructing the r^-action. Assuming that 
such a matrix II is available, it is usually very hard to explicitly write down the matrices G 7 , with 
the split-reducible case being an exception. Instead, we prove that such matrices exist using a 
successive approximation argument. 

Let S = {Xi ; i = 0, 1, m — 1} be any set of indeterminates. We extend the actions of <p and 
Tk on the ring 0£[[7r]]' r ' := f] 0_e[[tt]] to an action on 0_e[[tt, <S]]' t ' by letting p and Tk act 

t:K^E 

trivially on each indeterminate Xi. We let ip and Tk act on the matrices of M n := M n (0 e\\k ', <5]]' T ') 
entry-wise, for any integer n > 2. For any integer s > 0, we write tt s = (ir s ,ir s , ...,ir s ) , and for 
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any a G (9e [[71", S]] and any vector r = (ro, r\, r/_i) with non negative integer coordinates 
we write ct r = (a r ° , a ri , aft- 1 ) . As usual, we let ki be non negative integers we denote k = 
max{/co, ki,..., kf-i} and we let £ be any integer with £ > k. 

Lemma 3.1 Let H — H (S) , % = 0, 1, ...,/— 1 &e matrices in M„(Oe[[7t, 5]]) smc/i that det(Ilj) = 
Ciq ki , with Ci € O^. FFe denote 11(5) i/ie matrix II ! x II 2 x ... x x n and view it as an 

element of M n in a natural way. We denote Pi = Pi{S) the reduction o/IL.mod7r for all i. We 
assume that, for each 7 G T Kl there exists a matrix G 7 ^ = G^\X) G M n such that: 
(1) G^\x) = Idmodw; 

(ii) G^(5) 7 (n(5)) - U(SMG^(S)) G n e M n ; 

(in) There is no nonzero matrix H G M n (C'£;[[ l S]]' T ') such that HN = p^NH for some t > 0, with 
N = TVm^HW), where = Pi x P 2 x ... x P/_i x P ; 
(w,) For eac/i s > £ + 1, £/ie operator 

H 1 — ► P - QH{pf^Q- 1 ) : M„ (O b [[5]]) M„ (O b [[5]]) 

is surjective, where Q = PiP2...P/_iPo. Then for each 7 G Tk there exists a unique matrix G 7 (<S) G 
7W„ swc/i tftaf (i) G 7 (S) ee IrfmodTT and (ii) n(5)^(G 7 (5)) = G 7 (S)7(II(S)). 

Proof. Uniqueness: Suppose that the matrices G 7 (<S) and G' (<S) both satisfy the conclusions of the 
lemma, and let H = G 7 (5)G 7 (5)- 1 . We easily see that H G fd+ nM n and HU(S) = U(S)(f (H) . 
We'll show that H = fd. We write H = Id + ir*H t + where H t G M n (0 E [[S}}^), t > 1 
and U(S) = n(°) + TiTlW + and we will show that H t = 0. Since HU(S) = U(S)ip (H) , we 
have (P — Id)H(S) = U(S)<p(H — Id). We divide both sides of this equation by 7r* (using that 
<p(7r) = g7r) and reduce mod tt. This gives Pill' ) = p l Il^(p (P*) (since q = pmod7r), which implies 
that H t N = p ft N(p f (H t ) , with N = JVm y (Il( )). Since (p acts trivially on X t and O e , <p f acts 
trivially on M„(0£[[5]]' T '), therefore H t N = pf l NH t and H t = by assumption (iii) of the lemma. 
Existence: Fix a 7 G Tk- By assumption, there a exists a matrix G 7 ^ G Id + if e A4 n such that 
G 7 £) - n(5)^(G 7 £) )7(n(5)- 1 ) = 7T £ P( £ ) for some pW = pW( 7 ) G M„. We'll prove that, for each 
s > I + 1, there exist matrices pW = R^^j) and G^ G .M„ such that G^ ee G^ s ~^ mod 
Tr" -1 ^ and G 7 s) 7 (n(5)) - n(S)<p(G 7 s) ) = 7r s pW. Let G 7 s) = G 7 S_1) + n^H^, where p( s ) G 
M 2 {O e [[S]]^) and denote P» ee p( s ) modyr. We need 

(g^- 1 ' + Tf^-^pw) 7 (n(5)) - n(5) (v(G^) + ^ (*7r) (a_1) v e 7f s M„ 

if and only if 

G 7 ^ 1} 7(n(5)) - n(5) v (G( r s - 1 )) + 7r( s - 1 )pW 7 (n(5)) - (^) (s_1) n(5)^ (p (s) ) G 7? S M„ 

if and only if Tr^-^P^" 1 ) + t?^ 1 ) p( s )7(n(5)) - {qirf^ Il{S)<p (H^) G ir s M n if and only if 
P^ 7 (n(5)) - q< s -^U(S)cp (H^) ee -Pf"- 1 ) mod7rM„ if and only if 

pWn(°)(5) -p< s - 1 )n(°)(5)< / 9 (P^) = -Pf 8 - 1 ). We notice that p^ 8 " 1 )^^-^ M„(O b [[5]]I t I) 
since (s — l)i > I > k = maxjfco, ki, kf-i} for any i = 1, 2, /. 
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Let H = Hi x H 2 x ... x x F and -.R^-W^S) -1 = i?i x i? 2 X ... x x i? , the 

equation HIl^(S) - (S)(p (H) p( s_1 ) = -_R( s_1 )n(°)(<S) is equivalent to the following system 
of equations in M n (O e [[S]]) : H x - P 1 H 2 (p s - 1 P^ 1 ) = R u H 2 - P 2 H 3 (p s - 1 P^ 1 ) = R 2 , ... H f - X - 
Pf.xHoip^Pj^) = Rf-u H ~ PMp^P^ 1 ) = R . We see that H x - QH^pf^Q- 1 ) = 

Ri + QiR2(p {s - 1) Qi 1 ) + Q2R3{p 2{s - 1) Q 2 1 ) + - +Qf-Mp {s - 1){f - 1) Q]\), where Q, = PL-.Pi for 
all i = 1, 2, / (with Pf = Pq and Q / = Q). The matrices Hi are uniquely determined by H x for 
all i = 2, .... / — 1, /, so it suffices to prove that the operator 

H^H- QHipf^Q- 1 ) : M n (O e {{S}}) — M„ (O b [[5]]) 

contains A = i? 1 +Q 1 i? 2 (p( s - 1 )Q^ 1 )+Q 2 i?3(p 2(s_1) (3^ 1 )-.-+Q/-ii?o(p ( ^ 1)(/ ~ 1) Q7l 1 ) in its image. 
This is true by assumption (iv) of the lemma. We define G^(S) = lim G\ S \S). ■ 

s — *oo 

Let M be the ring M n (0 E [[S]])/I where I is the ideal of M„(0£[[6>]]) generated by p ■ I n , and 
the matrices Xi ■ I n , where Xi, i = 0,1, ...,m — 1 are the indeterminates contained in S. We 
use the notation of Lemma 13.11 and its proof and we are interested in the image of the operator 
H i— > H — QH^pf^Q -1 ) : M — > M, where bar denotes reduction mod 7. 

Proposition 3.2 Zf the operator H ^ H — QH(pf e Q~ 1 ) : M — » M is surjective, then for each 
s>£+l the operator Hi — > H - QH{p^ s ^Q^) : M n (O e [[S]}) — > M n (O e [[S]]) is surjective. 

/-i 

Proof, (i) If s > k + 2. Since f(s - 1) - £ fcj > / (s - 1 - jfe) > / > 1, since Q- 1 = 

p o~ lp /~-i P /~-V"- P f 1 and det(Pi) = Cip fei , we have p^^Q' 1 € pM n (0 E [[S]}). Let B be any 
matrix in M n (O e [[<S]]) ■ We can write B = B — QB (p-^ s_1 )<2 _1 ) + pB x for some matrix 
Bi £ M n {Oe [[£]]) . Similarly, B x = B 1 -QB 1 (p^ s - 1 ^Q- 1 )+pB 2 for some matrix B 2 e M n (O e [[S]]) . 
Then B = (B + pB x ) - Q (B+pB x ) (p/O-^Q -1 ) + p 2 B 2 . Continuing in the same fashion we get 

oo 

for some matrix B N+X e M n (O e [[S]]) , where B Q = B. Let H = J2 p l B u then H € M n (O e [[S]]) 

i-0 

and B = H - QH (pf^-^Q' 1 ) . 

(ii) If {I = k and) s = k + 1. We reduce modulo the ideal I defined before Proposition 13.21 Let 
A be any element of M n (O e [[£]]) • The operator H i — ► i? - QH (p^Q^ 1 ) : M -> M contains 
A = A mod 7 in its image by the assumption of the lemma. Let A = Ao — QAo (p^Q^ 1 ) mod I for 
some A) e M„ (O e [[S]]) . We write A = A ~ QA (p^Q- 1 ) +pB m + X B a + ... + X m - X B m -i for 
some Bi e M n (O e [[S]]) . Similarly B t = Bf - QB® (p^Q- 1 ) mod I for some Bf e M n {O e [[S]}) 
and for all i. Then 

A = A - QA ipf'Q- 1 ) + P Bl - Q ( P B° m ) (p^Q" 1 ) + X {) B° - Q (X„B?) {p^Q^ 1 ) 
+ ... + - Q (X ro _ 1 S^_ 1 ) (/^Q^ 1 ) mod I 2 , therefore 

A = (A +pB J °„+Xo5? + ...+X m _ 1 5° n _ 1 )-Q(A^ {p^Q- 1 ) mod I 2 . 

By induction, A = H - QH (p^Q- 1 ) for some i? e M„ (Ob [[5]]) . ■ 

The surjectivity assumption of the previous Proposition is usually satisfied due to the following 
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Proposition 3.3 If t > k or £ — k and the weights ki are not all equal, then the operator H i— > 
H -QH(pf l Q- 1 ) : M -> M is surjective. 

Proof. The statement in the cases where £>k + loi£ = k and k ^ ki for some i follows 
immediately because detQ = Cp kl+k2+ - +k f , where G = C x C 2 ...Cf G 0% since f£ > ki + ... + k f 
and pel. ■ 

The following Theorem summarizes the results of the Section. We use the notation of Lemma 1331 

Theorem 3.4 Assume that for each 7 G Tk there exists G 7 ' = G^{X) G M 2 such that: 

1. G^ ] {X) = Idmodn; 

2. G\ e \x) 1 (U(X))-U(X)ip(Gi, e \x)) G n e M 2 ; 

3. There is no nonzero matrix H G M n (0 E [[S]]^) such that HN = p^NH for some t > 0: 
4- The operator H 1— » _ff — QH{pt l Q^ 1 ) : M — > M is surjective. 

Then for each 7 G Fr-, i/iere exists a unique matrix Gy(X) € M 2 such that G-y(X) = Id mod tt and 

n(x)^(G 7 (x)) = G 7 (x) 7 (n(x)). 

For any a = (a , a l7 a/_i) G m^, we denote 11(a) = n 1 (ai) x LT 2 (a 2 ) x ... x II/_i(a/_i) x n (ao) 
the matrix obtained from H(X) = IIi(Xl) x n 2 (X 2 ) x ... x IT/_i(X/_i) x T1 Q (X ) by substituting 
a,i G rriE in the indeterminate Xi of Ili(Xi). We now show how to define Wach modules of rank two 
over 0£;[[7r]]l T l. 

Proposition 3.5 For any a = (ao,(Xi, ...,a/_i) G m E and any 71,72,7 G T^-, i/ie following equa- 
tions hold: G 7172 (a) = G 71 (0)71 (G 72 (a)) and n(a)y>(G 7 (a)) = G 7 (0)7(11 (a)). 

Proof. Both the matrices G 7172 (X) and G 71 (X)ti(G 72 (X)) are = Id mod 7r and satisfy H(X)ip(A) = 
Aj(H(X)). They are equal by the uniqueness part of Lemma |3~T1 The second equation follows from 
conclusion (ii) of the same Lemma. ■ 

For any a G m f E , we equip the module AT (a) = (0 B [[7r]]l r l) ryi © (0 B [[7r]]l r l) m® (Oe[M} 1t{ ) r)n 
with semilinear <p and r^-actions defined by (<£>(rJi), <p{t)2 ),•••, viVn)) — (Vii ^2, ?/n)n(o) and 
(7 (^l), 7(^2), -,7(»7n)) = (»?i,??2,— ,r? n )G 7 (a), for any 7 G T^- By Proposition S3] (7172)2; = 
71(722;), ^(72;) = 7(^(2;)) for all x G iV(a) and 7, 71, 72 G and Tk acts trivially on N(a)/irN(a). 

Proposition 3.6 For any a G m E , N(a) with the ip and T K-actions defined above is a Wach 
module over Oe[[^]]' t ' corresponding (by Theorem to some Gfc-stable OE-lattice of an n- 
dimensional crystalline E -representation of Gk with Hodge-Tate weights in [— fc,0]. 

Proof. The only thing left to prove is that q k N(a) C f* (N(a)). Since det(IF) = Ciq ki we have 
det 11(a) = (Gia fcl ,G 2 g' £2 ,...,Gog fc '') and (q k Vl , q k V2 , q k Vn) = 
(ryi , r, 2 , . . • , Vn ) det 11(3) (Gf 1 q k ~ k \ C 2 q k - k * , . . . , G g fe ~ k <> ) = 
{m,V2, Vn) (11(3) • adj (II(a)))(Gr Y- fel , C 2 q k - k \ G g fe - fe °) = 
(¥>(t?i), ¥>(»»), ...,¥>faO) ' (adjn(d))(Gr 1 a fe - fel ,G 2 g^,...,G a fc - fco ) G V*(-^(«)) ■ 
In order to construct Wach modules of n-dimensional crystalline representations of Gk with pre- 
scribed labeled Hodge-Tate weights (Wi) Tj , where Wi = {— Wi n -i < ... < — uii 2 < —Wn < 0} for 
all i = 0,1,...,/ — 1, we consider matrices IT G M n (0£;[[7r,<S]]l r l) with det(IF) = Ciq ki , where 
Gj G 0^ for all i, and apply Theorem 13.41 for the matrix 11(5) = IF x n 2 x ... x II/_i x n . 
When K = Q p , in order for the representations corresponding to the family constructed by to 
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ra-1 

have labeled Hodge- Tate weights Wi, we must have kj = ^ my. This condition is imposed by 

weak admissibility. If for such matrices IT the matrix 11(5) = IT x II2 x ... x II / 1 x IIo satisfies 
the hypothesis of Theorem 13. 4[ then the corresponding crystalline representations of Gk will have 
labeled weights (Wi) n . The set of weights Wi is completely determined by the matrix IT and is 
computed applying Theorem I l.li as illustrated in Proposition 14 . 1 5l 

We now prove the main theorem concerning modulo p reductions of the crystalline representa- 
tions corresponding to the families of Wach modules constructed by Theorem 13.61 By reduction 
modulo p, we mean reduction modulo the maximal ideal tue of the ring of integers of the coefficient 
field E. If T is a G/f -stable ©^-lattice in some E- linear representation V of Gk, then we denote 
V = (k E ®T) S S -, where k E is the residue field of Oe and s.s. denotes semisimplification. Recall 

Oe 

that by a theorem of Brauer and Nesbitt the representation V is independent of the lattice T. In 
the next Theorem the representations Vw,a are those constructed in Proposition 13.61 Let T{a) be 
a G^-stable ©^-lattice in V(a) such that N(a) = N(V(a)) n D{T(a)). 

Theorem 3.7 For any a G m E , the isomorphism V(a) ~ V(6) holds. 

Proof. We prove that the k E -\mear representations of Gk, k E §Z)T(a) and k E §Z)T(0) are iso- 

Oe Oe 

morphic. Let a G m E be such that a — a ■ 2(0). Since II(<S) and G 1 {S) G M n we have 
G 7 (a) = G 7 (0)modm B and 11(a) = U(6)modm E - If D(a) = (O e <Z>z p A K ) N(a) is the 

Oe0i, p A+ 

(<p, r/f)-module associated to N(a) (Section II. ip . then T(a) — T(D(a)). As (ip, Yk )-modules, 
D(a)/m E D(a) ~ D(6)/m E D(6), hence T (D(a)/m E D(a)) ~ T ^D(6)/m E D(6)^ , where T is 

Fontaine's functor of Section ll.H Since Fontaine's functor is exact, (T(d)/m E T(a)) ~ (T(0)/m E T(O) 



4 Families of two-dimensional crystalline representations 

The main difficulty in applying the theorem above is to construct the matrices G^ (X) which satisfy 
conditions 1 and 2. When n = 2, let Eij the 2x2 matrix with 1 in the (i, j)-entry and everywhere 

else. If in Proposition 13.31 1 = k = ki for all i and Q = Q mod /, then the operator is surjective 
if Q G {0, — E12, — E 2 i} and is not surjective if Q G {^11,^22} ■ The proof is a straightforward 
computation. In the two-dimensional case, we also have the following 

Lemma 4.1 If the matrix Qf — P\P2.--Pf—\Pf (with Pf = Pq as usual) does not have eigenvalues 
which are a scalar multiple of each other, then the matrix N = Nm v (H^), where = P± x P 2 x 
... x Pf—i x P satisfies condition (Hi) of Lemma \3.1\ 

Proof. Let H G M„(Ob[[5]]' t ') be a nonzero matrix such HN = p^NH for some t > 0. We write 
H = Hi x ff 2 x ... x H f and N = N 1 xN 2 x...x N f . Since 11^ <p(N)(Jl ( - '})~ 1 = N, P l N. l+1 Pr 1 = N, 
for all i. Since Qf = Ni, none of the Ni has eigenvalues which are a scalar multiple of each other. If 
H is invertible then N% = Q * has eigenvalues with quotient pf* which contradicts the assumption 
of the Lemma. If H is not invertible and nonzero, then there exists index i such that HiNi = p* 1 
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NiH; t and rank(iJ;) = 1. There exists invertible matrix B such that BHiB 1 = ( ^ jj J with 
(a, (3) ^ (0, 0) . Let T = BN..B- 1 and write T = ( Cl ° 2 ) . Then JV* = p^* is equivalent 

\ c 3 c 4 / 

to p^TBHiB^ 1 = BH l B~ 1 T which implies that c 2 = and j/'cia = ac x . If a ^ 0, then c x = 
contradiction since T is invertible. If a = 0, then pf t /3c4 = j3c\ and p^ 4 C4 = c\ (since (3^0). 
Then T has two eigenvalues with quotient pf*. Then the matrix iV, and its conjugate Qf = Ni have 
eigenvalues with quotient * which contradicts the assumption of the Lemma. Hence H = 0. ■ 
Thanks to this, one can instead of checking condition (iii) of Theorem l3.4[ check that the matrix Q 
does not have eigenvalues which are a scalar multiple of each other, which is often more convenient. 
In practice the matrices G)y will be diagonal. In this case, if we replace H(X) by its conjugate 
U B (X) = B- 1 U(X)B, where B = B x x ... x B S - X x B with B t =diag(l, Ul ) with u t G 0%, and if 
G^\x) 1 {U{X))-ll.(X)ip{G^ ) {X)) e n e M 2 ,thenG^\x)^(n B (X))-U B (X)ip(G^\x^ G Tr e M 2 . 
We will be applying the method outlined in Theorem 13 . 41 with the matrices IT being conjugates by 
matrices Bi as above, of any of the following eight basic types of matrices. 

Definition 4.2 

-1 \ / Xnpim) -1 \ / X iZi dq k * \ ( C t q k > 

dq k * X lZl J L2 - \ J ±3 ' ^ -1 J ±4 - \ -1 Xi<p(zi) 

C iq k > \ / C ig fe < X,z 4 \ / 1 X iV { Zi ) \ f 1 

X^(^) 1 J 6 - ^ 1 J 7 ' I Cf g fe< J ±8 - ^ X lZl 

where Xi is an indeterminate, Ci G and Zi is the degree < £ — 1 polynomial part of some formal 
power series in Z p [[7r]] smc/i i/iai ^ = p mf mod7r, where rag = L|~~J"J- ^ e polynomial Zi is allowed 
to be zero. 

The list above is certainly not complete. One, for example, can replace any LT by any conjugate 
by some matrix of GL2(Oe[[k, Xi]]). To keep the construction of the matrices G^ reasonably 
simple we restrict ourselves to the eight cases defined above and only consider their conjugates 
by matrices of the form diag(l,Uj) with Ui € O^. Let H(X) be as in Theorem 13.41 We write 

IP(a) = IIi(Xi) x n 2 (Jf 2 ) x ... x LT/_i(X/_i) x U (X ) with i = (ii,«2, —,if-i,io) the vector in 
{1, 2, 8}^ whose j-th coordinate ij is the type of the matrix IT,- for all j G /o- 

4.1 Some families or rank-two Wach modules 



In this Section, we apply the method outlined in Theorem [33] and consider matrices ILj(Xj) of types 
Ti,T2,T3,T4. Examples involving more types of matrices are studied in Section [H Let II (X) = 
IP(X) be as in the previous section and £ > k = maxjfco, k x , fc/_i}. For each 7 G Tk we will 

U) fx 1 \ 

define functions xj, yj G 1 + 7rZ p [[7r]] so that, if G\ = I -. ) with x 1 — [xq,x[, ...,ir 7 



fp ) ~ v °' !' —i^f-V 

and jp = (ylyj, then G^ 7 (II(X)) - U(X) V (G^) G jr*M 2 . Let 



n(jt)<p(G<f>) - Gf 7 (n(j?)) 



f A 
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We demand that the coordinates of A, B, T, A which contain none of the indeterminates Xi be zero 
and the rest of them belong to tt^OeH^, Xq, Let 

U(X) = ( ( aiXl > a 2^2-i/-i^/-i, ao-^o) (ft, 02, ■ ■ ■ , 0f-i ,0o ) 
\ (71, 72 , ■ ■ • , 7/-ii 7o ) (S1X1, 6 2 X 2 ...Sf-iXf-i, S X ) 

with {ft, 7.;} — {— 1, Ciq ki } and {a{, Si} = {0, Zi, ip(zi)}. If for each 7 € the functions x] , yj are 
defined to be the unique = 1 mod7r solution of the following system of equations: 

0i<p{yl) = VoilPi), Hfi^l) = 2/0(771), 0w(vV) = xlb/fo), l2f{xl) = 2/7(772), 



0f-My}-x) = x}_ 2 ('70f-i), 7/-iy(a:/-i) = 2//_ 2 (77/-i), PofiVo) = x }~i(l0o), 
7of( x o) = 2//_i(77o)- 

Thenn(X)^(GW)-4' ) 7(n(X)) = ( £ £ ) , where A = ((aiip(xJ)-x^('jai))Xi, (a ip(x^)- 
x'j_ 1 ('yao))X ) and A = ((6i<p(yJ) - y2(j6i))Xi, ...,(S <p(yo)-y'}_ 1 ('y5o))Xo). For i g J we define 



fci if ft = dq ki , _ J h if 7, = C l g fe % 

if ft = -1 ana r7! ~ 1 if 7* = -1 



We use the convention that ft = ft and 7$ = jj whenever i = j mod /. The solution of the system 
above is obtained using Lemma l2~3l and a not-so-short, but straightforward computation which we 
skip and is the following: 

Case 1. If / is even, 

*3 = (A/,-y)^ (^(A/, 7 )) r - (^(A/, 7 ))^ ... (^- 2 (A />7 ))^- (^-HA/, 7 ))^ 

% 7 = (A/,-y) r - (v(A/, 7 )) r ^ (^(A/, 7 )) r - ... (^- 2 (A /l7 )) r ^- (^-HA/,,))^ 

*7 = (^)^(^)^ 2 (fe)-"^"" 2 ^)^"" 1 (A)^^^ for 1 = !' 3 ' L 

*7 = (^M^V(^)- V^- 2 ^)^-*- 1 ^)^-*^ for i = 2,4, / - 2, 

2/7 = (^)^4^)^(^)---^ 2 (^)^" 1 (^)^( a; o) for * = 1, 3, / - 1, 

»7 = (^M^V(^)-V- < - 2 (^)^-^^)^- < (y?)fori = 2,4,...,/-z 

Case 2. If / is odd, 

*3 =(A2/, 7 )^ ^(A 2/ , 7 )) r - (p 2 (A 2/l7 )) r * x ... x (<^- 3 (A 2/ , 7 ))^- (v / - 2 (A V)7 )) r '"- 1 

x(^- 1 (A2/, 7 ))^(^(A 2/ , 7 ))^(^+ 1 (A 2 / )7 ))^(¥' /+2 (A2/, 7 ))^ 

x...x^/- 2 (A 2/ , 7 ))^- 1 (^/- 1 (A 2/>7 ))^ 



a; 



( 7 ^)^(S)^^)--^ / ~ l " 2 (fe)^ 1 (^)^( a; o) for * = 1,3, -../ - 2, 
*7 = (feM^VCfe)""^" 2 ^^ fo r < = 2, 4, ...,/ - 1, 

f? = (^)^(fc)^(^)-^ /_ '" 2 (^rr)^ / "" 1 (^)^" l ( a; o) for * = 0, 2, / - 1, 

Vi = (^)^(^)^C^)' "^-^(^er)^-*-^^)^-*^) fOT * = 1,3, .-,/ - 2. 
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Lemma 4.3 Let k = maxjfco, k\, kf—x}, I > k and me = Lp^rJ • F° r eac -h 7 G T ' k and i 6 Zq, 
£/ie functions xj,y~[, A/ and A/ 7 G Qp[[tt]] have the following properties: 

(1) A/(()) = l; 

(2) A /)7 ,x7,tf7€l + 7rZ p [[7r]]; 

(3a) There exist Zi G Z p [tt] with deg^ z^ < ^— 1 smc/i iftai = p" 1 '- mod 7r and z^tp (yj) — y?— 17 ( z e 
7T^Z p [[7r]] /or aZZ 7 € IV; 

(36) Jf /3j = — l,7i = Ciq ki , there exist z% € Z p [7r] iot£/i deg„. < ^ — 1 suc/i i/iat z^ = p mt mod7r 
and <p(zi)ip (xj) — x'J^ip^Zi) € 7r^Z p [[it]] for all 7 G T K ; 

(3c) There exist Zi € Z p [7r] wi£a deg,,. z^ < £ — 1 suc/i i/iai z^ = p me mod 7r and 
z^ (xj) - xJ^jZi) € 7T £ Z p [[71-]] /or a/Z 7 G IV; 

(3d) If Pi = Ciq ki , ji = — 1, there exist Zi G Z p [tt] with deg T z.; < I — 1 smc/i £/iaZ Zi = p m< mod7r 
and (p(zi)(f [y]) - ?/7-i(7 z j) € [M] a ^ 7 £ 

Proof. (1) and (2) a have been proven in 12.21 From the same Lemma it is clear that xj,y] G 
1 + 7rZ p [[tt]] for all 7 and (3a) We notice that the coefficients of tt in ^ have the property 

v p {ai) + > for all i = 0,1, ... Motivated by this we consider the set of all functions of Q P [[7r]] 
with the same property: 

TZ = { a.-K 1 G Q p [[tt}} : v p (a t ) H — > for all i > 0}. 

i>0 p 

This is a ring with the obvious operations, stable under ip and IV- One easily checks that - 
G TZ and therefore — and — G TZ for all n > 1. We now prove the existence of Zi as in 
case (3a). Since y] G 1 + 7rZ p [[tt]] for all 7 G IV, it suffices to prove the existence of a z% 
with the desired properties, such that Zi ^-yy7 (z^) G 7r £ Z p [[71-]] for all 7 G IV. (1) Assume 

that / is even and 1 is odd. Then y] = ^j^^)^^)...^-^)^-^), y 7_ x = 
(^-)^(^ r )^ 2 (^)...^-(4)^- l+1 (2/o 7 ) aud = ^(S- 1 ), where 

1 Ml3 i+1 )...ipf- i (J3o)ipf- i+1 ((A / )^(^(A / ))^...(^- 2 (A / ))^- 1 (^- 1 (A / ))^q) 
v ,(7 l+ i)...^-H7o)^- I+ M(A/)^^(A / ))^...(^- 2 (A / ))^/- 1 (^-HA/))^) 

Since the (f)* 1 ^^ 1 are contained in 7?. and are = lmod7r, and since = { — l,Cjq kj } for 

all j, after replacing Cjq k i by Cj{^) k ^p k ' we can write B = Cp N B* for some C G O^, N G Z and 
B * E TZ with 13* = 1 mod7r. Since acts trivially on we may replace B by C~ 1 B and assume 
that C = 1. We write B = p^B*. Let p M £ = z, + A, where A G 7r £ Q p [[7r]] and deg T z. t < £ - 1, 
for integer M which will be chosen large enough so that Z{ G Z p [7r]. Since p M+N B* = Zi + A and 
B* G 71, v p (zf) - M - N + -ij- > for all j > 0. We need u p (zf) > -1 for all j = 0, 1, ...,£- 1 so it 
suffices to have M + - |^ > -1. We choose M = [^J - N. Then z, G Z p [tt] , deg w z, < I - 1 
and Zi = p M+N = p mi mod tt, where mi = L^yJ • The definition of Zi is independent of 7 G Tk for 

all*. For each 7 G T K , z.-^f^j ( Zl ) = z l -B 7 ( J B- 1 )7(z l ) = p M B- A- B 1 {B- 1 )[p M [ 1 B)- 1 A] = 
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1 A - A G 7r*Q p [[7r]]. Since z t G Z p [tt] and B 1 (B~ 1 ) = G 1 + irZ p [[ir}}, z lV (yj) - y]_ tl (zA S 



v>[u: 



n e Z p [[n]] — Z p [[tt]] n 7r^Qp[[7r]] for all 7 € IV. The cases with / even and i even, with / odd 
and i odd, or with / odd and i even are proven similarly. (36) Since = — 1, xj_ x = tp(yj) 
for all 7 G r^f and it suffices to prove the existence or a with the desired properties satisfying 
ZixJ — x]_ 1 ('fZi) G 7T^Z P [[7r]] for all 7 G IV. This is proven arguing as in case (3a). The case (3c) is 
proven arguing as in case (3a). For the case (3d), we notice that yj_ 1 — tp{xj) for all 7 and proceed 
as in case (36). ■ 

The following technical corollary, whose proof is contained in the previous Lemma, will be used in 
Sections [6] and [7l 



(2) (^-) ±1 G K for alln>\ and (A/)* 1 G K for all f > 1; 



Corollary 4.4 (1) K = { £ a^ 1 G Q p [[tt}} : v p (a,i) + > /or alii > 0} is a subring o/Q p [[tt]] 
stable under the (p and the Tk -actions; 

Ctn_ 

V 

(3) Let B = Cp N B*, where C G 0^, N E Z and B* ElZ \ {0} 6e such that ^el+ ttZ p [[tt]] for 
any 7 G F^. Let k > 1 be any fixed integer. There exists z = z(k, B) G Z p [tt\ with deg^ z < k — 1 
and z = p^F^J mod7r such that z — 7^^ G 7r fe Z p [[7r]] for any 7 G Tk- 

Definition 4.5 Por i E Iq we define matrices IF; — IF i' Zi (Xi) G M 2 (0e[[7T, JQ]]), where the Xj 
are indeterminates as follows: 
-1 

C I g fei 



IF; = ( ^ fe . v ) /or any z,- L having properties as in case (3a) of Lemma \4-3\ and any Ci G , 



FI j = [ r} ) / or arl ?/ z i having properties as in case (36) of Lemma \4-3\ and any Ci G Og, 

n, - ( °f ) for any Zi having properties as in case (3c) of Lemma \4-3\ and any Ci G O e , 

Fli = I y 1 \ ) f or an V Zi having properties as in case (3d) of Lemma \4-3\ and any Ci G O e . 

We define Il(X) = IT x Tl 2 x ... x x n G M 2 = M 2 (O e [[tt, X , X/.^H). □ 

Corollary 4.6 For each 7 G Tk there exists a matrix G^p G M. 2 such that (i) Gj = Ldmodn 
and (ii) G^ } 7(n(X)) - U(jt)(p(C^) G ^Ma- 
Definition 4.7 We define sets 

C 1 ={(T 1 ,T 2 ), (Ti,T 3 ), (T 4 ,T 2 ), (T 4 ,T 3 )}, C 2 ={(T 2 ,Ti), (T 3 ,Ti), (T 2 ,T 4 ), (T 3 ,T 4 )}, 
^i={(Ti,T 3 ), (Ti,T 4 ), (T 2 ,T 3 ), (T 2 ,T 4 )},£b = {(T3,ri), (T 4 ,Ti), (T 3 ,T 2 ), (T 4 ,T 2 )}, 
C 1 = {(1,2), (1,3), (4,2), (4,3)},C 2 = {(2,1), (3,1), (2,4), (3,4)}, 
£ 1 = {(1,3), (1,4), (2,3), (2,4)}, £ 2 = {(3,1), (4,1), (3,2), (4,2)}. 

We write (Pi , P 2 ) = (Tj , Tj ) if and only if P 4 is of type and P 2 of type Tj . We retain this notation 
throughout. 



Proposition 4.8 The operator H t—> H — QH(pf e Q 1 ) : M — > M is surjective unless f is even, 
k = ki for all i,£ — k, and either (i) (Pi,Pi + i) G E\ for all i = 1,3, ...,/— 1, in which case the 
image consists of elements of M with (1, 2) entry 0, or (ii) (Pj, P:+i) G P 2 for all i = 1,3, / — 1, 
in which case the image consists of elements of M with (2, 1) entry 0. 
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Proof. Follows from Proposition 13.31 and induction. ■ 

Proposition 4.9 Qf has eigenvalues which are a scalar multiple of each other if and only if f is 
even and either (Pj, Pi+i) G C\ for alii = 1, 3, / — 1 or {Pi, Pj+i) S C2 /or aZH = 1, 3, / — 1. 

This follows from the following series of lemmas: 

( Ct 7 \ 

Lemma 4.10 //Pi, P2 are matrices of type T,;, i = 1, 2, 3, 4 and Q 2 — P1P2 = I o ' & J , then Q 2 
has one of the following forms: (A) Q 2 = ( 01 ^ ^ wii/i a,i5 £ Ob \ {0} and 7 = Ai A"i + A2A2 

mi/i A, G O e \ {0} i/ and only if (Pi,P 2 ) G Ci. (B) Q 2 = y ® ^ J mi/i a/eO B \ {0} and 

[3 = X 1 X 1 + \ 2 X 2 with A, G O e \ {0} if and only if (P U P 2 ) G C 2 . (C) // (P x , P 2 ) ^ Ci U C 2 , tfien 
eif/ier (i) a = AX X X 2 + //, A,/i eO £ \ {0}, S G Ob \ {0}, (3 G Os[^i] /ias decree 1 and 7 G Oe[X 2 ] 
has degree 1 or (m) S — \X 1 X 2 + pi, X, fi G Oe \ {0}, a G 0^ \ {0},7 G Oe[Ai] has degree 1 and 
/? G Ob[X2] /ias degree 1. 

Proof. We just compute. ■ 

Lemma 4.11 Let Qi = P\P 2 ...Pi for i — 1,2,...,/ (with Pf = Pq). If i > 2 is even and Qi = 
on (3 Z 



7* ^ 



£/ien ctib~i 7^ 0. 



Proof. If i = 2, follows from the previous Lemma. Assume i > 2 and the Lemma holds for i — 2. 

Let P-iP = I ° ^ ) , then Qi = ( aai ~ 2 + 7/3i ~ 2 . * V If P_iP is as in case 

(A) of the previous Lemma, then the (1,1) entry of the matrix Qi has positive degree in Xi_\ and 
Xi if /3j_a 7^ 0, and equals <5<5i_2 which is nonzero by the inductive hypothesis, if (3i- 2 = 0. Similarly 
the (2,2) entry of Qi is nonzero. The remaining cases when Pi-\Pi is as in cases (B), (C)(i) or 
(C)(m) of the previous Lemma are proven similarly. ■ 

Lemma 4.12 /// is odd, Qf does not have eigenvalues which are a scalar multiple of each other. 
Proof. Since the determinant of Qf is a scalar, the eigenvalues of Qf are a scalar multiple of each 
other if and only if Tr(Qf) is a scalar. Let Qf = Qf~\Pf, where <3/-i = ( J -1 ) with 



7/-1 Sf-i 

af-i5f-i 7^ (see previous Lemma). If Pf is of type 1, then Tr(Qf) = p ki Ci(3f^\ + p mi Xi6f-i — 
7/_i which is non-scalar since o/_i 7^ 0. The cases when Pf is of type 2, 3 or 4 are proven similarly. 
■ 

Lemma 4.13 If f > 2 is even and Qf has eigenvalues which are a scalar multiple of each other, 
then (i) If Pf G {T±, T4}, then P/-i G {T 2 ,T%\ and Qf-i has eigenvalues which are a scalar multiple 
of each other, (ii) If Pf G {T 2 ,T^}, then P/-i G {Ti,T^} and Qf- 2 has eigenvalues which are a 
scalar multiple of each other. 

Proof. As in the proof of the previous Lemma, Qf has eigenvalues which are a scalar mul- 
tiple of each other if and only if Tr(Qf) is a scalar. Let = y ^ ' ^ * s 
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of type 1, then Of — ( ^ u J 1 ^ — J 1 a f 1 \ which implies that <5f_i — 0. Hence 
1 \ p^QSf-i p^XiSf-i-jf-i J 1 

a /-2 Pf-" 2 \ p f l = ( a f~ 1 ) from which we see that Pf_i has to be of type 2 or 3. 

7/-2 Sf-2 J S \ 7/-i J 11 

given that a f - 2 Sf-2 + by Lemma EH] Since Of = ( P** 6 ^" 1 p m > x iPf-i ~ a f-i j and 

Pf-iPf = ( q ^ ^ with a, <5 scalars, Tr(Qf- 2 ) is a scalar. Since det(Q/_2) is a scalar, Q/_2 

has eigenvalues which are a scalar multiple of each other. The proof when Pf is of type 2 is similar 
and the proof of (ii) is identical to the proof of (i). ■ 

Proof. (Of Proposition 14. 9|) . One direction follows from the previous Lemma. The other direction 
follows from Lemma [4.101 ■ 



4.2 The corresponding families of crystalline representations 

Let IF(X) = Tli(Xi) x U 2 (X 2 ) X ... x n/_i(JC/_i) x U a {X ) with iE {1,2,3,4}^ and U^X,) as 
in Definition 14.51 The definition of the matrices IT and Pi = Hi mod tt depends on the choice of 
the Zi in Lemma 14.31 and therefore on I. (I) If [K : Q p ] is even, we exclude those vectors f with 
e C\ for all j E {1,3, 5, / — 1} or E C 2 for all j e {1,3, 5, / — 1}. These 

cases will be studied separately in Proposition 15.151 If the integers hi are all equal and either 
£ £\ for all j E {1,3,5,...,/- 1} or (ij,i j+ i) E E 2 for all j E {1,3,5,...,/- 1}, we 

define I = k + 1. In any other case we define I = k. (II) If [K : Q p ] is odd, i can be any vector in 
{1, 2, 3, 4} A We define £ = k and we make no further assumptions. 

Proposition 4.14 For any 7 E Fr, there exists unique matrix G 1 {X) = GL (X) E M 2 such that 
(i) G 7 (X) = Idmodn and {ii) IP(X)</?(G 7 (X)) = G 7 (X) 7 (n ? (X)). 

Proof. Conditions 1 and 2 of Theorem 13.41 are satisfied by Corollary 14.61 By the choice of the 
vectors i, condition 3 of of Theorem 13.41 is satisfied. By the choice of the vectors i and the integer 
£ condition 4 of Theorem 13.41 is satisfied and the proposition follows. ■ 

For any a E m E , we equip the module N l (a) = (O e[[^]]^ t ^) f]\ © (O^H""]]' 1 "') V2 with semilinear ip 
and r^-actions defined as in Proposition 13.61 

Let H l (X) be as in the previous section. For any a E m E we consider the matrices of GL 2 (i?l r l) 
obtained from the matrices P l {a) = Pi(X\) x P 2 (X 2 ) x ... x P/_i(X/_i) x P (X ) by substituting 
Xj — a,j in Pj(Xj). We define families of filtered ^-modules D 1 ^ s — (i?l r l) 771 ffi (i?' T ')r?2 with 
Frobenius endomorphisms defined by (ip(rji) , ip(r/ 2 )) = (rji,rj 2 )P l (a) and filtrations defined by 



' £ |r| 77i © E^r] 2 if j < 0, 
E' T 'o' {xrji + yrj 2 ) if 1 < j < wq, 
E\ Ti i I (xrji + yrj 2 ) if 1 + t^o < j < W\, 



E^-^(xrji + y7] 2 ) if 1 + w t _2 < j < w t -i, 
if j >l + w t -i, 
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where x = (x 0> xi, and y = (y ,yi 7 with 



' (1,0) 


if Pi is Ti, 


(l,£*i) 


if Pi is T a , 


(0,1) 


if Pi is T 3 , 


1) 


if P is T 4 , 


(1,-Qfi) 


ifP is T 5 , 


(1,0) 


if P is T 6 , 


(-Oi,0) 


if P is T 7 , 


I (o,i) 


if P is T 8 , 



(F) 



and on = diZi(0). If instead of H we use its conjugate B { UiBi, where P; =diag(l,Uj) with 
Ui G G E , we replace (£»,!/,) by (a^, u" 1 ?^), or equivalently by (u i x l ,y i ). 



Proposition 4.15 If the matrix IP(X) satisfies the conclusions of Theorem \3-4[ then for any 
a G m E the filtered (p-modules (P^ ip) defined above are weakly admissible and 

Dl s ^E^\<g)(Nl(a)/nNl(a)) 



as filtered ip-modules, where N l ^(a) is as in Proposition \3.6\ 

Proof. By Theorem ll.il xr]\ +yn 2 GFiP(7V^(a)) if and only if tp(x) tp(r]i)+ (p(y) pfa) € q*Ntf(ci) 
or equivalently 

ei(p(x)tp(rn) + ei(p(y)tp{rj2) G q 3 e i N i €! (d) for all i G Iq (*). 
We fix some i G Iq and do the calculation in the case where H is of type 4. Then Ilj(aj) = 



c iq k < 

-1 aicp(zi) 



and ("A") is equivalent to 



<1 J I -<p(Vi)q ' , 



We use that q> \ <p(x) if and 



Q J I f(-Xi + ViOiZi). 

only if 7r J \ x for any x G 0e[[7t]]. If j > 1 + fci, then = 0mod7r. Let 1 < j < hi, then the 

system above is equivalent to tt j \ —Xi + y^a^i. Since = mod7r, 



e^Tji + eiyr]i + 7riV^(a) 



onVieiTix + yie t -q 2 + 7r7V^(a) if 1 < j < k h 
if j > h 

where y~i — yi mod7r can be any element of Ge- Since 

Fil°(AT^(a)/^(a)) = (0^) m ($(0^)r l2 , 

we get 



ei FiV(NUd)/7rNUa)) = 



ei(G^) m @e t {G^) m ifj<0, 

e i {G^){x l r 1 i+y i V2) if 1 < 3 < h 
if j >l + h, 



18 



with eiX 1 — (0, Xi, 0), e^y 1 = (0, yi, 0) and (xi,yi) — (aj,l). Calculating for the other 
choices of II,; (a^), we see that for all i G Iq, (xi,yi) is as in (F). Arguing as in the proof of Proposition 
2A\ we get 



FiV (NUa)/nNUa)) 



(0^) m ®(0^) m if j < 0, 
(O l E l )fi (x Vl +y m ) if 1 < j < too, 

6% + y'/a) if 1 + w < j < wi, 

(°£ T ')/ti(^i + ^7a) ir 1 + w «-2 < i < w t - 
if j > 1 + 



with x = (xq, X\, xt-i) and y = (j/Oj 2/ij Vf—i) an d (a^, as in (i* 1 ). The isomorphism 

4^^10(^(3)^(3)) 

is now obvious. Proving that if replace one of the IT by B~ 1 HiBi, where Bi =diag(l,Ui) with 
Ui G 0^, then we replace (xi,yi) by (xi,u~ 1 yi) is a simple computation. ■ 

The crystalline representation corresponding to corresponding to D l ~ - is denoted V~ s , where a = 
a ■ z(0), with z = (z\, z Q ). 

4.3 Construction of the split-reducible two-dimensional crystalline rep- 
resentations 

In the previous sections we gave examples where the Galois action on the Wach module was im- 
plicitly constructed by some inductive argument. In this section we construct Wach modules with 
labeled Hodge- Tate weights {0, —ki} Ti whose T^-action can be explicitly written down. The corre- 
sponding crystalline representations turn out to be split-reducible. Let ki be non negative integers, 
Ci G 0£ for i = 1,2 and a = (ao> ax, a/_i), = (/?o, 0j, ...,/3/_i) be vectors with coordinates 
such that {oti, /%} = {0, ki} for all i G Iq- Let 

u _jrCr,a_( (C iq a \q a \...,q a f-\q a °) ( , 0, . . . , , ) 
1(0, 0, ... ,0 , ) (C 2 q^,q^,...,q^,q^) 



Foreach 7 erK,letG 7 = ( [f/^V^V) («, yj J )> where a?, y7 e Ok[[tt]]. We'll 

define xj,yj G Ofi[[jr]] with the following properties : (i) xj,y] = lmod7r for all i and 7, (m) 
II(^(G 7 ) = G 7 7(II) for all 7 G Tr. By Lemma 12.31 there is a unique solutions in xj,yj congruent 
to 1 mod 7r given by 

Vl = (^V^A/^W-^A,^ 

where Aj = o^ + i + + ••■ + a f an( i ^ = A+i + A+2 + •■■ + /?/ for all i £ 4i with the conventions 
that (Xi — aj and /3j = /3j whenever i = j mod/. We have proven that, for the matrix II defined as 



19 



above and for each 7 £ IV, there exists a unique diagonal matrix G 7 € M% (O.E[[7r]]' T ') such that 
(z) G 7 = 7dmod7r and (m) U(p(G~ ( ) = G 7 7(IT). We have the following 

Proposition 4.16 Let N = (0 E [[n]}^) rfr © (0b[W] H ) m with semilinear ip and -actions 
defined by IT and G 7 respectively. The module N is a two-dimensional Wach module over 0^;[[7r]]' T ' 
with labeled Hodge- Tate weights {0, — ki} Ti . Let (D, tp) be the filtered ip -module defined by the matrix 

p _ p Cl ,a, ^_ ( (C lP a M) a2 ,..,p a /-i,p Q ») ( , 0, ... ,0 , ) 

r ca m ~\{ , 0, ...,o , ) (c 2P ^y*,...yf-\pP°) 



with filtrations as in Provosition HOI with x = (xq, x%, Xf-i) and y = (yo, j/i,..., y/— 1), where 

/ (0,1) yp i = k i >o, 

\x t ,yi) - 1 otherwise 

Then 

(D,(p)~E\ T \(g)(N/irN) 
as filtered tp-modules. The corresponding crystalline representations are split-reducible. 



Proof. The proof is similar to that of Proposition 12.41 Split-reducibility follows from Proposition 

o ■ 



Proposition 4.17 All the split-reducible, two-dimensional E -representations of Gk with labeled 
Hodge-Tate weights {0,— ki} Ti are those constructed in Proposition ^. 1(\ 

Proof. This follows immediately from Proposition [O] as a split-reducible representation is neces- 
sarily F-semisimple. ■ 



5 Reductions of two-dimensional crystalline representations 

This section is devoted to explicit computations of reductions of two-dimensional crystalline repre- 
sentations. In parts, we follow [2j closely. Before we treat the two-dimensional case we take care of 
the reductions of crystalline characters. 



5.1 The crystalline characters modulo p 

Let G £ Oft, and xc,w be the crystalline character corresponding to the Wach module Nc,w — 
(Oe[[tt]]^) r\ with ip action defined by tp(e) = (Cq kl , q k2 , q kf - 1 , q k °)rj and the unique commuting 
with it r^-action defined in Proposition 12.41 When C = 1 we simply write x-s- The crystalline 
character % ei has labeled Hodge-Tate weights — ej+i for all i (see Proposition ^. 4p . By taking tensor 
products we see that 

XC,w — Xc,6 ' Xel ' Xel ' •■■ ' Xe/_2 ' Xe°_i • 

One easily sees that Xc * s ^ ne unramified character of Gk which maps Frobx (geometric Frobenius) 
to VC. We compose the embeddings of K into E with the embedding E <-^> Q p that we fixed 
in the introduction and get the embeddings, which we still denote r, of K in Q p . We denote 
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Ti '■ kx — > F p the mod p reduction of such an embedding Tj, where fc^ is the residue field of K. 
Let w/fj be the fundamental character of Ik defined by composing the embedding fj with the 
homomorphism Ik — > k K gotten from local class field theory, with uniformizers corresponding to 
geometric Frobenius elements. By Fontaine-Laffaille, theory it is known that (Xe 4 )|i> = LU Jf +1 f° r 
i = 0, 1, / — 1; n as in Section [T] (c.f. [7], Lemma 3.8). 

In this section, we give a description of (x&Jijk- using the Wach module of % ei . First, we compute 
the F* -valued characters Xw of Gk subject to the condition that 1 + p + p 2 + ... + p^ 1 \ ki + 
pk 2 + ... + p^ 1 fc . We search for elements a ■ fj € fc£;((7r)))' T ' Nc,w such that ip{a ■ fj) = 

MM1 M 

(A, A, X)a ■ fj, for some A G k E . If <3 = («0) Qfij we easily see that this is equivalent to 

A^a = c 7r (p-i)(fei+p^+-+p / " 1 '=o)^/( ao ) j ^(q^ttMp-i) = Xa f _ l: p(a/_i)7r*'- 1 &'- 1 ) = Aa/_ 2 ,..., 
^(aa)^ 2 ^" 1 ) = Aai, ^(ai)^ 1 ^ -1 ) = Aa . Let A^ = C*. Since 1 + p + p 2 + ... + p^ 1 | fci + 
pk 2 + ••• + p /_1 fc the equation X f a = CTT^ 1 ^ kl+pk2+ --- +pt lko) Lp f {a Q ) has unique (up to a 

(fc 1 +pfc 2 + ...+p- f ~ 1 fco) 

nonzero constant) nonzero solution given by «o = t i+p+.-.+pJ"- 1 , xhe vector a is such that 
</j(<3 • ?y) = (A, A, A)d? • fj and if y(a • fj) = (A, A, A)d? • 77, for some nonzero vector a', then the 
formulas above and the uniqueness (up to a constant) of the solution ao imply that a = (t, t, t)a, 
for some t £ k E . Let 7 G Gff and j(a-fj) = /3-y-fj. Commutativity of ip and 7 implies that <p(/3~/ • fj) — 
(A, A, A)/3 7 • 77. If (3-y = (/3o, Pf-i), then /3j = iai for some t £ k E and all i. Since /3o = 7«o 

(fc 1 +pfc2 + ---+P / ~ 1 ''0) (fcl+J^ + '-'+p/ -1 ^) 

and «o = 7T i+p+.-.+pJ"- 1 , < = 01(7) i+p+.-.+p^- 1 5 where u is the mod p cyclotomic 

(k 1 +pk 2 + ...+pf- 1 k ) 

character of Gk- We have (p(ct ■ fj) — (A, A, A)d? ■ fj and "/(a ■ fj) — 1^(7) i+p+.-.+p^- 1 (q . fj) 
for all 7 S Gk. Therefore, if 1 + p + p 2 + ... | fci + pk 2 + ... +j/ -1 fco, then 

_ (fc 1 +pfc 2 + ...+P /_1 fco) 

XC,w = MA • W i+p+.-.+p^ 1 , 

where /ja is the unramified character of Gk which sends Frob/<- to A = Vc. It follows immediately 

that xi = w . For each i £ Jo, XT = X(i+p+p 2 +...+p i ,o,o,...,o,i,i,- -,i)' (where the first 1 appears in the 

i + 1-th position), hence x r = xlf p+ '" +p ' ' X(o,o,...,o,i,...,i) and xlt P+ "' +p ' = X(l,i,...,i,o,...,o) for an Y 

i S I . For i = 1 we get xlf p = X(i,i,o,...,o) which implies that x\ x = Xe 2 - Similarly xt x = Xm+i for 

p^-i 

any i e Jo. It is clear that Xei 1 = When p ^ 2, since is procyclic, Xei(7) = VKt)^/ 1 (7) 
for any ^ £ Ik, where Uf (7) = 2l^_y£3. f or an y -y g f or SO me character ^ : Ik — * F x , with 

p^' -1 
if) p- 1 =1. 

5.2 Classification of two-dimensional crystalline representations with co- 
efficients 

In this section recall a classification of F-semisimple, two-dimensional, crystalline i?-linear repre- 
sentations of Gk with labeled Hodge- Tate weights {0,— ki} Ti , by classifying up to isomorphism 
the corresponding weakly admissible filtered (^-modules with labeled Hodge- Tate weights as above. 
The results of the section will be subsequently used at various places. For their proofs see [T2"] . 
When K = Q p , the characteristic polynomial is enough to determine the isomorphism class of a 
two dimensional crystalline representation of Gk- When K 7^ Q p it completely fails to do so. Even 



21 



worse, there can exist infinitely many non isomorphic irreducible two-dimensional crystalline rep- 
resentations of Gk sharing the same characteristic polynomial and filtration (Corollary 15. 3[) . The 
situation is detailed in this Section. Wach modules corresponding to such families are constructed 
in Section [6l where several reductions modulo p of the corresponding crystalline representations are 
explicitly computed. 



5.2.1 Rank two weakly admissible filtered (,5-modules. 

In the following Proposition, we list the rank two F-semisimple, non-scalar filtered ^-modules 
over £l T l with labeled Hodge-Tate weights {0, — ki} Ti , give a criterion for weak admissibility, and 
determine the types of the corresponding crystalline representations. 

Proposition 5.1 Let (D,tp) be a rank two F-semisimple, non- scalar filtered ip-module over 
with labeled Hodge-Tate weights {0,— kj} Ti . After enlarging E if necessary, there exists an ordered 
base r) — (771,772) of D over E^ T \ with respect to which the matrix of Frobenius takes the form 

[ip]r) =diag(a,5) for some vectors a, 5 S (_E X )' T ' with Nm ip (a) 7^ Nm v {5). 
The filtration (for the same base) has the form 

£ |r| r/i e e^t] 2 i/i < 0, 

£l r 'ol(x77i + 2/772) ifl<j<w , 
E\ T 'i\(xr]i + 2/772) ifl + w < j < Wi, 



FiP(D) 



E^'t-^ixrn+y^) if I 
ifj>l + w t -i 



Wt-2 < j < Wt-l, 



for some vectors x , y S E^ with (xi,yi) ^ (0,0) for all i G I a . We refer to such a base 77 as a 
standard base of (D,(p). The Frobenius-fixed submodules are 0, D, D\ — E^r\\ and D 2 = £^'772. 
The module D is weakly admissible if and only if 

(*) v p (Nm ip (a)Nm< p (8)) = £ h; (*) v p (Nm v (a)) > J2 h 

ielo {ielo: y.=o} 

and (*) v p (Nm v (S)) > k i- 

{ielo: x i= 0} 

Assuming that D is weakly admissible, 

(*) The filtered ip-module D is irreducible if and only if both the inequalities above are strict; 
(*) The filtered ip-module D is split-reducible if and only if both the inequalities are equalities, or 
equivalently Iq n Jg n Jg — 0. In this case, the only nontrivial weakly admissible submodules are 
D l = E^rn, i=l,2 and D — D 1 (B D 2 ; 

(*) In any other case the filtered ip-module D is reducible, non-split. □ 



If in the Proposition above v p (Nm v (a)) = then the only nontrivial weakly admissible 

{ielo: Vi=0} 

submodule is (Di,tp). If v p (Nm v (6)) = ^ ki, then the only nontrivial weakly admissible 

{iel : Xi=0} 

submodule is (D 2 , </?). An F-semisimple, weakly admissible filtered (^-module (D, ip) is scalar if and 
only if all the fc, are zero and v^Nm^a)) = 0. The corresponding crystalline representation is the 
sum of two unramified characters. This case is trivial and will usually be discarded. If (D, ip) is not 
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F-semisimple, after extending E if necessary, there exists ordered base 77 — (771,772) of D over 

E \r\ 

with respect to which the matrix of Frobcnius takes the form \<p\n = \ °t ^ I for some vectors 

- V 7 " / 

a E (£ x ) |t| and 7 e £l r l with = 1, where is the (2, 1) entry of the matrix Nm v ([<p] v )- The 
filtration (for the same base) has the shape of Proposition 15.11 The filtered ^-module (D,ip) is 
weakly admissible if any only if 2v p (Nm v (a)) = ^2 ki and v v (Nm v (8)) > J2 ki. The 

ielo {iel a :xi=0} 

corresponding crystalline representation is irreducible if and only if the inequality is strict and 
reducible, non-split otherwise. In this case, the only tp-stable weakly admissible submodule is 
(D 2 ,ip). Unless otherwise stated, we will only be considering F-semisimple, non-scalar filtered <p- 
modules. 



5.2.2 Isomorphism classes 

If (D, ip) is a rank two F-semisimple filtered ^-module over , we may without loss of generality 
assume that y — fjg i.e. that the nonzero coordinates of y equal 1. We may further consider the 
base £ = (£1, £2) defined by £1 = ( ^2 e i + S x 7 le i)Vi an d C2 = V2 and assume that x = fj s and 

_ ief s i^Js 

V = fjg- m this base the matrix of Frobenius remains diagonal. 

Proposition 5.2 Let (Di,ipi) be filtered p-modules with [ifi] v i — diag(di, 5i), £=1,2 and filtrations 
as in Provosition 15. 11 with x 1 — fj^. and y 1 — fj ., i = 1,2. The F-semisimple filtered ip-modules 
(D\,ipi) and (D 2 ,ip 2 ) are isomorphic if and only if either 



Nm v (ai) = Nm v (a 2 ), 1 f l£ n J31 = l£ n J s 
Nm^Si) = Nm v (5 2 ) J ' \ l£ n = l£ n J$ 

and /j+ n j in j j • ^4 = //+nj x nJ 1 ' > v ^ ewe d * n ^ e projective space F^~ 1 (E), where 
A= (1, 4, 44, 11"- a H aTirf A - (1, 1, M, g£-g- 2 ), or 

( Nm v (ai) = Nm v (S 2 ), \ ( Iq n Jji = I + n J^, 
\ iVm p (^i) = iVm v (a 2 ) J ' \ n J? = / + n 

otic? fj+ n j inJ 1 ■ B = fj+ nJ 1 ■ r viewed in the projective space P^ 1 (E), where 



b = a, $ , ) and f = a, f, xrff" 3 )- □ 

°0 "O"! Q u l-' iQ /-2 °0 °0°1 °0°l---°/-2 



. 1 „ 1 



The following corollary follows easily from Propositions 15.11 and 15.21 

Corollary 5.3 Let (D,ip) be an F-semisimple, weakly admissible filtered ip-modules as in the be- 
ginning of this section. 

(I) IfTr(tpt) € O^, then the corresponding crystalline representation is reducible; 

(II) There exist infinitely many weakly admissible, non isomorphic, F-semisimple filtered p-modules 
sharing the same characteristic polynomial and filtration with (D, ip) if and only if | Iq JgD Jg \ > 
1. □ 
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The following Lemma allows us to compute determinants of two-dimensional crystalline represen- 
tations in terms of their labeled Hodge- Tate weights. 

Lemma 5.4 If (D, tp) is a rank two weakly admissible filtered ip-module over K with E- coefficients 
and labeled Hodge-Tate weights {0, — ki\ Ti , then {A 2 E ^ K D A%^ K cp) * s wea kly admissible with labeled 
Hodge-Tate weights {— ki} Ti . 

Proof. Let rj = (771, 772) be a standard base of (D,ip) and let [ip] v and FiVD be as in Proposition 
1531 Clearly (aV)(i?i Ai] 2 ) =a- S( m A 772). Since FiP (D A D) = (FiV 1 DA E ®i<FiV 2 D) and 



JgL) = Iq, a simple computation yields 



FiV(D A D) = < 



{ E\ T 'o\( m A 772) if j < too, 

E\ T 'i I (771 A 772) if 1 + t«o < j < 

EjK-il^ a 772) if l + iOt-2 < j < tut-i, 
I if i > l + w t -i. 



from which the statement about the labeled Hodge-Tate weights follows immediately. Weak admis- 
sibility is clear. ■ 

Corollary 5.5 If V is the crystalline representation corresponding to (D,ip), then (detV^)|/ K = 

iela 

Proof. Follows from Section [5TT1 ■ 



5.3 Reducible two-dimensional crystalline representations of Gk modulo 

P 

In this section, we compute the semisimplified mod p reductions of all reducible F-semisimplc 
two-dimensional crystalline representations of Gk- The answer restricted on the inertia subgroup 
Ik turns out to depend only on the filtration of the corresponding weakly admissible filtered tp- 
module, when Frobenius is normalized as in Section 15.2.11 Let (D, ip) be as in Proposition 15.11 
and assume that v p (Nm v (a)) — ^i- Then (D,ip) corresponds to a reducible crystalline 

representation and D\ — _E' t 't7i with 99(771) = ct- rjx and 



FiF(Z?i) = Z?x H FiVD 



D l if j < 0, 

E lTl °-a l ni if l<j< w , 



E 




■i.?')7i if 1 + w t -2 < j < wt-i, 
if j > 1 + to t -i 



where I Ti g = I r PI J~ = {i € I r ■ y% — 0} is a weakly admissible submodule of (D, p) (see [TH Prop. 



2.10]). For each i e Iq, let r = r(i) be the largest index in {0, 1, . 
that 



, t — 1} such that i £ I r . Notice 
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v ' \0 ifj>l + mi, \ uv if 3/i = 0, 

therefore (Di,ipi) corresponds to the effective crystalline character (with the notation of Section 

- £ fei 

EH Xco ' • X™ 1 • •■■ • Xe/S, where C = ]J ^ ■ p ieI ° and a = (a , c*i, Let V" be 

the crystalline representation corresponding to (£),</?). By Corollary 15. 5[ (detV)\z K = Y[ w /t*' 

ieio 

Since V is semisimple, 



V\ 



n ^ o 

tela 



\Ik I j-j A"*< 

Similarly, if (D, ip) is as in Proposition ! 5.11 and v p {Nm v {8)) = then (D, ip) corresponds 

{i£l : Xi=0} 

to a reducible crystalline representation V and 



( II <- 4 o 

n ^7"; 

i6/ 



where, for each i G Iq, t = r(i) is defined as above and n% 



if x t ^ 0, 
w r if X.; = 0. 



Theorem 5.6 Let (D, ip) be a weakly admissible F- semisimple filtered (p-module in the standard 
form of Proposition\KT\ corresponding to a reducible representation. Ifv p (Nm ip (a))= X) ^ti 

then 



V\i K I o ] j 



ieio 



If v p {Nm ip {5)) = J2 then 

{ieio- Xi=0} 



V\i K = 



II " n f% ki 



ieio 



o 



— rii 

f,n 



Remark 5.7 If both equalities hold then V is split-reducible and the semisimplified mod p reduction 
is given by either formula, since Iq C\ JgC\ Jff = 0. For the results of this paragraph F-semisimplicity 
is irrelevant and the reductions of a non-F- semisimple reducible representation of Gk are given by 
the same formulas (see comments after Provosition \5.1\) . If(D,(p) is scalar, Vn K is the sum of two 
trivial characters. 
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5.4 Reductions of families consisting mostly of irreducible two-dimensional 
crystalline representations 

Throughout this section the vectors £*£ {1, 2, 3, 4}-^ are as in Section l4~2l We compute the semisim- 
plified mod p reduction of some of the representations constructed in the same section. 

The [K : Q p ] even case In the case where a. — and [K : Q p ] is even, the filtered modules - 

are weakly admissible regardless of the choice of the vector i and the corresponding crystalline 
representations Vi - are split-reducible. Let 

iP ( o) - ( M J A^v U f ^ 



7i y y 72 J \ jf-i y y 70 

with {/3i,7i} = {— 1, Ciq ki } and assume for simplicity that Cj = 1 for all i. 

Proposition 5.8 If [K : Q p ] = 2s, i/iera Nt(0) = N x © N 2 , where N ?; = (o£')Ci = 
(A, 72,/%, 74, -,/3/-i,7o)Ci <p(C2)= (7i,#2,73,#4, ...,7/_i,/3 )C2- 

Proof. Let Q t = Id, i = 0, 2, 2s - 2, Qi = ( ^ J ~\ for i = 1, 3, 2s — 1 and Q — Q n x Q 1 x 

• ■■ x Q2s-i- Let C be the ordered base of N^(0) defined by Q — Then (771,772) = (Ci,C2)Q, 
[<P]{ = Q[v>]rtf>{Q)~ l and [^]£=diag((/3i,7 2 ,^3,74,-,/32 5 -i,72s),(7i,^2,73,/34 ! -,72 S -i ! /32 S )). ■ 

Corollary 5.9 Assume that [K : Q p ] is even. For any f S {1,2,3,4}^ the filtered ip-modules 
g are weakly admissible and the corresponding crystalline representations Vt, - are split-reducible. 

□ ' 

Recall the notation of Section 

_ f fci if ft = C i9 *«, _ f fc, if 7s ; = C t q k >, 

rsh ~\ if A = -1 7i ~ I if 7i = -1 

and let ri =| {j € {1, 3, 2s - 1} : ij e {1,2}} | + | {j € {0,2,. ..,2s} : i 3 - G {3,4}} | . We have the 
following 

Corollary 5.10 // / = [K : Q p ] is even, then for all lE {1,2,3,4}^ 



■w.O 



( n xef i+i n xir + v o \ 

ie{o,2,...,/-2} ie{i,3,...,/-i} 

n II Xe, 11 Xei + V 

i6{0,2,...,/-2} 46{1, 3,. ..,/-!} 



where /i = // ^ ( ,_ 1 ^ ri is £/ie unramified character which maps Frobx to {J (— l)' ri and 

(^uj.O^Iik 



( n n o \ 

ig{l,3,...,/-l} ie{0,2,...,/-2} 

o n "7;? n <^ . 

\ U i£{l,3,...,/-l} i£{0,2,...,/-2} y 



where W/,t ; * s as i»i Section \5.1\ 
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Proof. By Corollary 15.91 V~ - = Wi © W2 , where Wi is the one-dimensional E- linear crystalline 
representation of Gk corresponding to the Wach module Nj. The Wi and (Wi) \i K have been 
computed in Section [5.11 ■ 

The formulas of the previous Corollary remain the same without semisimplifying. The isomor- 
phism class of a two-dimensional F^-linear semisimple representation of Gk of given determinant 
is completely determined by its restriction on Ik- 

Corollary 5.11 Assume [K : Q p ] is even. 

(I) If the labeled Hodge- Tate weights are all equal and either (ij, ij+i) G £ 1 for all j G {1, 3, 5, /— 
1} or G £2 for all j G {1, 3, 5, ...,/ - 1}. // v p (a) > L^J ■ 1, then vl & ~ V^. 

(II) If the labeled weights are not all equal, or if they are equal and we are not in case (I), then 
(1) If Vp(a) > [jEj\ • 1) then VI - ~ V^^; (ii) If all the i t are equal and ki — p for all i. then 

V <SA ~ f or any d ^ m E- 

Proof. Follows from Theorem 13.71 where for (II) (iv) we take into account that the exponents 

m.£ defined in Lemma T4. 31 are not the "best possible". For example, if IL_ = ( ^ k . ^ J and 

\ Giq 1 XiZi J 

ki = p for all i G Iq, we may take mi — independently of the parity of /. To prove this, notice 

00 

that if a = a n^ n G Q P [[7r]] and v p (ai) > for all i = 0, 1, ...,p — 2 and v p (a p -i) > —1, then 

n=0 

the first p — 1 coefficients of a p are in Z p . This is easy to check using the binomial expansion. The 
remark follows by the proof of Lemma |4~31 Similarly when all the IT are of type 2,3 or 4. ■ 



The [K : Q p ] odd case In this case, we use the Wach module associated to an effective two- 
dimensional crystalline representation V to exhibit rank one sub-(<^, r)-modules of the modulo p 
etale (ip, r)-modules D(V), and therefore sub representations of V. To do so, it is necessary to 
assume some divisibility condition involving the labeled Hodge- Tate weights of V, which guarantees 
that V is reducible. 

Proposition 5.12 If[K: Q p ] is odd, the representations Vt s are irreducible for any t£ {1,2,3, 4} A 
Proof. If [<p^]t) = Aq x Ax x ... x ^4/-i, the matrices Ai are all conjugate and Ai = ( ^ ^ J with 

s+1 s s+1 s 

b t = II A+2j-i 11 7;+2j and c, t = j[ r ) l +2j-i J[ Pi+2j- Let e ^ Si be the eigenvalues of the 

3=1 i=i J= l 3=1 

( a,i e Q \ s+1 s s+1 s 

Ai and Qi = I , with a, = J] 7i+2j-i II A+2j and di = fl Pi+ij-i U 7i+2j< Then 

V £ i «i J j=l 3=1 3=1 j=l 

QiAiQ^ 1 =diag(e ,£i) and Q — Q x Qi x ... x Q/_i = ( ? n *? 12 J . Let Q be the base defined 

V Q21 Q22 J ~ 

by the matrix Q so that Q = Then (771,772) = (x ■ Q11 + y ■ Q12X1 + ' Q21 + V • Q 22)^2- 
If z = x ■ Qn + y ■ Q12 and u = x ■ Q21 + y ■ Q22, one can easily check that ZiUi 7^ for all 
i. Let [ip]e =diag(A, A), then / • v p (Nm ip (A)) = v p (sq) and / • v p (Nm ip (A)) = v p (e\). Since 
v p (eq), v p (ei) > and ZiUi ^ for all i, the proposition follows from Proposition [5TTJ ■ 
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-1 if v e {1,2}, if ^ €{1,2}, 



Let IP(O) = ni(0) x n 2 (0) x ... x IL f -x(0) x n (0)modmE with ^(OjinodrriB = ( ° & 

\ 7j " 

where 

^ = ( irtP- 1 ^ if ^ J {3, 4} and 7j if ij E {3, 4} 

We abuse notation and write n ! (0)mod = ( ® ^ ) • We equip iVc-u? = (fc£[[7r]]l T l)?7i © 

V 7 J 

(fc£;[[7r]]' r ')772 with the Frobenius endomorphism defined by (99(771 ) , 95(772)) = (?7i, ?72)IT(0) and search 
for elements 5 = A?]i + Br\ 2 € fc£;((7r))) |T| (g) N c ,w such that ip(Arji + B?] 2 ) = \(A?]i + Br\ 2 ) 

fca;[M]M 

(1) for some A e fc^. Let A = (A ,Ai, ^4/-i), (1) is equivalent to (^ 2 (A i+2 ) = A 2 A l /3 i (p(7 i+ i)~ 1 
for all i € Iq and = A -1 ^/!)^. Let / = 2s + 1. A computation gives 

<p 4s+2 (A ) = A A 4s + 2 /3o^ 2 (/32)..^ 2s (fe)^ 2s+2 (/?i)^ 2s+4 (/33)..^ 4s (/32 S -i)x 
^(7i)-V 3 (73)- 1 ...^ 2s " 1 (72,-i)-V 2s+1 (7o)-V 2s+3 (72)- 1 ..^ 4s+1 (72,)- 1 (2) 

For i G Iq we define 

//3 _ f if ij e {1,2}, 7 _ f fc,-(p- l) if e {1,2}, 

^ \ fc> - 1) if e {3, 4} and ^ - \ if ^ S {3, 4}. 
Then (2) becomes ^ S+2 (A ) = A A 4 *+ 2 (-l) 2 *+ ^S^ 4 "^ 1 ^ 

Let A = >/=T If p 4s + 2 -1 I E p 2l (4 -p 2s+1 Qd + £ P 2i_1 (p 2s+1 4-i ~^2i-i) and the quotient is 

i=0 " i I 

r, then n r is the unique (up to nonzero constant) solution of (2). The equations above imply that (1) 

has a unique solution up to a nonzero constant. Wc have tp(8) = y— 18. Let 7 £ Gk and 7<5 = 8' . 

+1 



Arguing as in Section I5TT1 we see that <p(8') = y/—lS' and j8' = uj{^) r 8' . Since det Vt,* = ]} \e\ 

w ' ieio 

and since Vi - is semisimple we have 



and 



ieio 



{£ p 2i (4-p 2a+1 ^i)+E P 2i - , (P 2 " +, <f i _ 1 -^_,)} 
Let r := - J — - 1 3 ^ 2 _ 1 . We have the following 



Theorem 5.13 If [K : Q p ] = 2s + 1, the for any i S {1, 2, 3, 4}*, the representations Vi g are 
irreducible. If r G N, i/ien 



to,0 
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"7,n 



iS Jo 

where oj is the mod p cyclotomic character and W/,t 4 is as m Section \5.1[ 

Corollary 5.14 Assume [K : Q p ] is odd. TTie following isomorphisms hold: 
(t) 7/^(5) > LfeiJ • 1, tften V| !(3 ~ n g /or any i G {1,2,3,4}/; 
(m) If i £ {1,2, 3, 4} and it; = p • 1, then V~ s ~ V™ - /or anj/ a £ m^,. 

Proof. The same as for Corollary 15. Ill ■ 

If V = 1 and a,b £ m E we write T4j,s instead of T^i One can easily prove that (i) If / is even, 
T4r,a — K-.g if and only if there exists A e P x such that A (a , 02, a/ -2) — (°o, °2, bf-%) 
and (01, a 3 , a/_i) = A (61, 63, 6/_i) . (ii) If / is odd, V^ iS ~ if and only if a = b. Using 
Proposition l5.1l we see that for a generic a and for certain choices of the vector i the representations 
Vt s are "mostly irreducible". For example, when / = 2 the representations 1/^,5 are irreducible 

if and only if Nm v (a) ^ 0. Their reductions mod p, nonetheless, are the same as those of the 
split-reducible representations V~§, assuming that v p (a) is suitably large. 

We now study the filtered ^-modules D % -. s defined in section with f = [K ; Q p ] even and vectors 1 
such that (ij,ij + i) £ C\ for all j £ {1, 3, 5, ...,/— 1} or (ij,ij + i) G C2 for all j G {1, 3, 5, / — 1} (see 
Definition 14. 7p . Assume that a is any vector in O e . We may base change by the matrix Qf = 

Q x Q x ... x Q, where Q = ^ J J ^ and only consider (up to isomorphism) those filtered tp- 
modules D l ~ s with G Ci for all j G {1, 3, 5, / — 1}. We have the following 

Proposition 5.15 For any a G 0g t/ie filtered ip-modules (D l ~ s ,tp), with i £ {1,2,3,4}/ and 
(ij, ij+i) G Ci /or a/Z j G {1,3,5,...,/— 1} are weakly admissible and the corresponding crystalline 
representations V~ - are reducible. 

Proof. Let = P^ 1 ) x P( ia ) x ... x p(v-0 x p( l °) and [^], = iVm v ([^]^) = A x Ai x 
... x A/_i with Aj = Pfe+O ■ p(*3+2) • ... • p(*j+/-0 . pfe+/) (with indices viewed mod/) for 

j = 0,1,...,/ — 1. We write P^ 3 ' = ^ " J ^ ^ . We easily see (because G {ctj,8j}) that 

A = ( / ? i/ ? 3-/?/-i7274...7o \ There ^ matr . ces 

7173—7/-1P2P4— Po / 

Q ■ = ( / 3 l/ 3 3---/32j-l7274---72j 

2j V * 1ll3—l2j-l0204—02j 



for j = 0, 1, j — 1 and 

Q2i-1 = 



0103— P2.7-17274— 72j-2 

7113—123-10204— 02j-2 * 
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for j — 1, (with empty products equal to 1) such that 

Ql^UviQ^ 1 ) = diag(f3 1 p 3 ...(3f- 1 j2j4--"fo • 1, 7i73— Tf-i&Ai— A> ■ 1), 

where Q = Qo x Qi x ■■■ x Qf-i- Let £ = (Ci, C2) be the ordered base of DJ- - defined by 77 = £ ■ Q. 
If the filtration with respect to the base r\ is defined by xrji+ yV/2 as in Proposition 15.11 the 

filtration with respect to the base £ is defined by z£i + wC,2 where z = (Q11 • x + Q12 ■ y) and 
w = (Q21 ■ X + Q22 ■ y), where Q = ( ? n % 12 ) . By the proof of Lemma 2.3 (Q2] § 2.1), 

Mc = ( g 1 ) witn Nm v (a) = (3i/3 3 ... /3/_i7274— 70 ■ 1 and Nm^S) = 7173— 7/_i/3 2 /3 4 ... /3 • 1- 



Since 



fcaj-i if (i2 3 -i,i2j) = (1,2), 

. ; if («2j-i,*2i) = (4,2), 

W3 72,-1 j - <j + fc2 ._ x if ( i2J _ 1>iy ) = ( 1)3)) 

fej if (i2j-i,«2j) = (4,3), 



we sec that 



1 / 



Wp (iVm v (5))= £ fe 2j + £ fc 

3=1 3=1 

(j 23 _i,i2 3 )e{(l,3),(4,3)} (i 3 j'_ 1 ,i 3 j)£{(l,2),(l,3)} 

and 

1 I 

2 2 

v p (Nm lp (a)) = k2 i + h - 

3=1 3=1 

fe-i, l2j )e{(l,2),(4,2)} ( l23 _i/ i2j )e{(4,2),(4 > 3)} 



2j-l< 



2j-l, 



hence u p (Nm v (a)Nm v (5)) = J2 ^ ■ Notice that £ = (aco,yi A, a; 2 /3i 72,1/3^1^372, — ,yf-iPi0a—0f-i 

ieio 

7274— 7/-2) and w = (*x + 2/o,xi7i + *l/i,*^2 + 71 /3a 2/2, -,7i73— Tf-iAaAi— /3/_ 2 a;/_i + y/_i*). 

£ I 

2 2 

Since /3j7j 7^ for all j, ^ = 2 ^2j + X) ^j-i- But a^j = if and only if i 2 .j = 

{ie/o:z,=0} 3=1 3=1 

a; 2 j=0 y 2j _i=0 

(i 2 j 7^ 4 because e Ci for all j G {1, 3, 5, /— 1}) if and only if (i 2j -i,i2j) S {(1, 3), (4, 3)} 

and similarly yzj-x = if and only if i 2 j-i = 1 if and only if (i 2 j-i, i 2 j) € {(1, 2), (1, 3)}. Hence 



f 



v p (Nm v (5)) = ^ h = ^ k2 J + ^ fe 

{•i6/ :2i=0} 3=1 3=1 

(i 2 j-l,i2j)e{(l,3),(4,3)} (i2i- I ,»2 i )6{(l,2),(l,3)} 



23-1- 
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By Proposition 15. 11 it suffices to prove that v p (Nm v> (a)) > or equivalently that 

{i£l :Wi=0} 

1 I 

2 2 

E k 2j + E fc 2j-l > 

(i 2i - I ,»2i)6{(l,2),(4,2)} (i 23 _i,i2 3 )e{(4,2),(4,3)} 



E ^2i+ E fc 2j-l- 

i=i i=i 

with (i 2 3_i,%)6{(l,2),(l,3),(4,2),(4,3)} with (i 2 j_ 1 ,i 2 j)£{(l,2),(l,3),(4,2),(4,3)} 

and W2j—0 and W2j — 1=0 

We notice that if (i2j-i,i2j) € { (1 , 2) , (1,3)}, then u>2j-i 7^ 0. Indeed, in this case, (x2j-i,U2j-i) = 
(1,0) and i02j-i = 7i73— ^j-i^Pi— /?2j-2 7^ 0. Similarly, if (i 2j --i, i2j) € {(1, 3), (4, 3)}, then 
W 2 j ^ 0. ■ 

6 Families of two-dimensional crystalline representations of 

Let 7 be a two-dimensional crystalline ^-representation of Gq 2 with labeled Hodge- Tate weights 
({0, — ko}, {0, — fci}), with ki positive integers. Let 77 be a standard base of the corresponding filtered 
VJ-module (D,<p), so that \ip\ n =diag(a, S) for vectors a, <5 G i? x x i? x and 



FiF(Z?) 



(E x E)rn ® (E x E)r)2 if j < 0, 

(£ x E)f Io (f.J s m + fj 9 m) if 1 < 3 < 
(£ x E)/^ (/ Ja r?a + / Jff ?7 2 ) if 1 + w < j < w u 
if j > 1 + wi. 



Assume that (£>, <,c) is F-semisimple and non-scalar. By Proposition 15.11 one sees that irre- 
ducible representations can only correspond to filtered (^-modules with (Jj, Jg) = ({0, 1}, {1, 1}), or 
(Jj, Jff) — ({1, 1}, {0, 1}), or (Jg, Jff) = ({1, 1}, {1, 1}). Suppose that the characteristic polynomial 
of (p 2 is X 2 — AX + Cp ko+kl with G € 0^. We may twist the representation by some unramified 
character and assume that C = 1. Let £q and £1 be the roots of the characteristic polynomial and 
assume that A 2 ^= 4p fc o+fei so t na t £q £l _ q 11c nas £o + £l = £o£l = p k o+ki ( jVm^a) = (e , £0) 

and Nm v (S) = (ex, ex)- If is irreducible, then v p (A) > by Corollary 15.31 The purpose of 
this section is to apply Theorem l3.4l to construct families of irreducible two-dimensional crystalline 
representations of Gq 2 . There are 64 choices for pairs of matrices (Ti,Tj), where Tj and Tj are 

of the eight types of Definition 14.21 Irreducibility excludes certain choices of U(X), e.g. the case 
Hx(Xx) x ITo(Xo) — T5 x Ts is excluded, since in this case (assuming that the assumptions of The- 
orem 13.41 are satisfied) the trace of the Frobenius of the corresponding crystalline representation 
would be in 0*. However, choices like U^(X) = Ilx(Xx) x n (X ) = T 2 x T 5 are good candidates 
for yielding irreducible representations. Here, we only consider the cases T2 x T5, T2 x T§ and 
compare them with the family given by Ti x T\ which was constructed in Section 14.11 Throughout 
this section fc , ki will be positive integers, k — max{fc , k{\ and m = [jEj\ ■ 
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6.1 An infinite family of non-isomorphic, irreducible two-dimensional 
crystalline representations of Gq 2 sharing the same characteristic 
polynomial and filtration 

Let II(X) = Il^(X) = nx(Xx) x Uo(X ) = ( Xl ^[ Zl) ~l ) x ( J ) where z t G 

Z p [7r] are polynomials of degree < k — 1 to be defined shortly. Let = ^ ' ' ' 1 ' 1 ' 
then n(XV(G 7 fc) ) - G^7(n(X)) = 



(0,0) 



(M*!*?) - xM-yz^Xu q k ^{xl) - xj( 7 q) k «) (-<p(yj) + ^,0) 
- % 7 (79) fel , frM) - yMjz ))X Q ) (0 , V {y<) - yj) 

We want (p{zixj) = x^ipi-fzi), q ka ip{xl) = xj(jq) k °, ip{yl) = ^ ^G/i) = and {<P(zi x D ~ 
^oV(72i))^i, ((fi(z Q x2) - yJf(jz ))X ) G n k O E [[Tr, X , Xi, Xf-i]]. A simple computation using 
Lemma[23]yields xj = (A 4 , 7 )' £o (^ 3 (A 4 , 7 )) fcl , = (A 4 , 7 ) fc ^(A 4 , 7 )) fc ° , = 2/7 = ^(2/ 7 )-We 

need to define z\ so that (^(z 4 x7) — x^fijzi) € 7r fc Z p [[7r]] for all 7 6 L^ . Since Xq = fivT) an d 
6 1 + ir k Z p {{ir]] (see Corollary 14.31 part (2)) it suffices to have Z\ — ^jz 1 E 7r fc Z p [[7r]] for 

all 7 G IV, where B = <p(**) kl <p 2 ( x *) k ° , Since B £ 1Z (see Corollary S3) and B = lmodTr, the 



existence of zi follows from Corollarv l4.4l The existence of zq is proven similarly and the existence 
of the matrix G 7 fc) such that U{X)Lp(G ( * ] ) - G 7 fc) 7(n(X)) G (7r fe , 7r fe ).A/f2 for all 7 G r K , and 
G 7 fe ' = 7(fmod7r follows. Let Pi = IIimod7r. Since = p m mod7r, where m = L^EjJ) PiPq = 

" ' " and P\ Pq mod(p, Xq, X\) = —E12, hence condition (iv) of Theorem[3]4] 



is satisfied. If P1P0 has eigenvalues {x, Xx} with A G Og, then (1 + X)x — p kl +Xip m+k " and Xx 2 — 
pko+ki which ig absurd. Hence all four conditions of Theorem l3.4l are satisfied and for each 7 G Tk, 
there exists a unique matrix G 1 (X) G M.i such that G 1 (X) = Idmodn and II(X)<^(G 7 (X)) = 
G 7 (X) 7 (n(X)). For any a e m f E the module 7V(a) = {o E M] ]T] )m ® (O e M] ]t] ) m equipped 
with semilinear ip and F^-actions defined by (<p(r)i),(p(r)2)) — (t]i, ??2)n(a) and (7(771), 7(772)) == 
(t?i, 7?2)G 7 (a) is a Wach module corresponding to some lattice in a crystalline two-dimensional 
P-representation of Gq 2 with labeled Hodge- Tate weights ({0, — k }, {0, — fci}). The corresponding 
weakly admissible filtered (^-module (P^s, is defined by 

fafa), ¥>(%)) = (r?i,77 2 ) ( p; ph a ° Q ] ) ^th a, = a 4 p™ 

and 

(P x P)?7i ® (P x P)r72 if j < 0, 
n] , fD (2,5h _ J (E X E)fi (f Jg r]i + f Jf m) if 1 < i < wo, 

^ *.* j 1 (Ex P)/ Zl (/ Js r?i + f JsV2 ) if 1 + w < j < w lt 
if j > 1 + wi. 

with x = (1,1) and y = (— ao,ai) (see Proposition 14.15) ). We change the base to have the 
matrix of Frobenius in the standard form of Proposition 15.11 First, we diagonalize [<f 2 ] n - We 

have Pi(ai)P (a ) = ( ^ko+k^ q J and Po(do)Pi(ai) = ( a ^f +p kx ) which 
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both have characteristic polynomial X 2 — (a\p ka — ccq)X + p k "+ kl . Let A — a\p k ° — a>o be such 
that A 2 ^ 4p k o+ki so ^at the roots £q,Ei of the characteristic polynomial be distinct. Then 

QoPi{ai)Po(a )Qo 1 =diag(e ,ei) = Qi-Po(oo)-Pi(oi)Qi X , where Q = y ^° _| J and Q a = 
£ ° ^ a ° ^ fco ^ . Let Q = Qo x <3i and consider the ordered base £ = (£1,^2) of D^'^ de- 
fined by (771,^2) = (&,&)<?■ Then [pfc = QM^(Q)" 1 - f ( £ oP~ fco ,P fe °) J-fcUoA W = 



(0,0) {e ip - k \p k °) 

(e ,e + £*o)£i + + "o)6 , ?72 = (-1, -p fe °)6 + (-1, -p k °)& and £771 + 7/772 = (eo + a ,£o + 

a - p fc °ai)£i + (£1 + ao,ei + a - «iP fe °)&. 

(I) If Ej + ao 7^ for i = 1, 2 (notice that £j + ao — p k "ai 7^ 0) we may further base-change by 
Ci = (eo + "o, £0 + a - p k °ai)£,i and C2 = (£1 + ao, £1 + a - a 1 p k °)& and get 



( ~P kl P k °{e +a a ) n / n ^ 

mc 1 rn ni r ~ pfcl p °( g i+ a °) i 



and 

(-E x S)Ci ffi(£x E)( 2 if j < 0, 
M/nlJ^! _ J x + Ca) if 1 <i < ™o, 

^ ^ (£; x ( Cl + Ca ) if 1 + ^ < j < Wi, 

if j > 1 + lox. 

Since Nm v (^, ggg^ ) = ^> £ °)> ^ ifSS^) = and > 

for i = 1, 2, by Proposition 1 5 . 1 1 V^ 2 ^ is irreducible (compare with Corollarv l5.9p . By Theorem 13. 7i 
t/l 2 ^ ~ y( 2 '^ whenever v„(a) > m ■ 1 

«?,(* ^0 / 

Proposition 6.1 Let fcoj^i > 0, k — maxjfco, ki} and m = Lf+fJ- Fix A £ p m rriE with A 2 ^ 
4p k ° +kl so that the roots £o,£i of X 2 — A^T + p k «+ kl be distinct. For each a £ p rn m,E with a ^ 
e~ 1 p ki 1 i = Q, 1 we consider the family of filtered (p-module D^(a) defined by 



( ( -P" 1 r k o(e 0+ap -o-A)\ \ 



eo+ap k o— A' eo— A 

(0,0) 



(0,0) 

/ -p fc i P k o(e 1 +a P k O-A) 



and 



FiP(D$(a)) 



(E x E)rf! ®(Ex E)t) 2 if j < 0, 
(ExE)f Io (r il + m ) ifl<j<w , 
(E x E)f Il {rn + 772) «/ 1 + wo < 3 < wi, 
if 3 > l + ioi. 



The filtered tp-modules Z)4(a) are weakly admissible and correspond to irreducible crystalline repre- 
sentations V^(a) with labeled Hodge-Tate weights ({0, — fco}, {0, — fci}) awe? characteristic polynomial 
X 2 - AX + p k " +kl . Moreover, 

(I) For any a,0e p m m E \ {£ "V 1 ,ei'V 1 }i (a) — Vtf(J3) if and only if a — (3 and 
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(II) For any A,a€ p m m E , V£(a) ~ V~(0). If (p + l){p 2 + 1) | -p 2 (k 1 + pk Q ) and the quotient is 
r, then 

' uj r 



{m% lK * own 



-ki 

2,Ti 



£{0,1} 

Proof. Clearly l#(a) = vg^,^. By Proposition^ V#(a) v£(J3) if and only if fggg^ " 

£l+/3p fc °-^ 
£o +/3p fc o-A 

to,(ap fc o — A, a) if, (0,0) 



ei+/3p — A ^ simple computation shows that this is equivalent to a = /3. By the discussion pre- 
ceding the Proposition, V£(a) = V?fK _. , ~ Vr^L = FJ(0). The reduction is computed as 



in the proof of Theorem 15.131 

Remark 6.2 The example of this section yields crystalline representations of Gq 2 with labeled 
Hodge-Tate weights ({0, — fco}, {0, —ki}), Js — Jy — lo an d characteristic polynomial X 2 — AX + 
pko+k-i w j^/j v p (A) > m. Fixing the characteristic polynomial and the filtration, the isomorphism 

class of the corresponding crystalline representation changes as the quotient varies. In 

order to construct all the crystalline representations as above, one has to use different types of 
matrices and get outside the range of quotients e £ ^.ap k °o-A °f ^ s exam P^ e - Such examples are 




and 



given in sections 1 6. 2\ and 1 6. 3[ 

(II) If £o = —eta- Since eq is a root of X 2 — (a\p k ° — ao)X + p k °+ kl this is equivalent to aoai — 
_pko+ki w hich can be the case. Then xr)i+yr]2 = (0,£o + a o—p k " a i)£,i + (£i+ a o-£i + cto — ctiP k °)£,2 
and after an obvious base-change we get 

(0,0) 

/ -P kl (e 1 +a )p k o \ 
\ei+ao ' ei+Qo — ctip fc ° / 

(E x E)d ®(Ex E)( 2 if j < 0, 

TxVfnWh-} (^x^)//o((0,l)Ci+C 2 ) if 1<J <w , 

1 j 1 (ExE)f h ({0,l)(i + { 2 )ifl + w <j<wi, 
[ if i> 1 + 

Since a ai — —p kl , v p (ao) < ki and since EqEi — p k ° +kl and £o = — ato, v p (si) > k . Hence the 
representation V^?'? is irreducible (by Proposition ^. ip . By Proposition l5 . 21 this is the unique (up to 
isomorphism) two-dimensional crystalline ^-representation of Gq 2 with characteristic polynomial 
X 2 — (aip k ° — ao)X + p k °+ kl such that a^a\ = —p kl , and filtration as above. 

(III) Similarly we prove that 



( -p" 1 

\ea+a t 



(e +ao)p 
o ' eo+Qo— p k °a 1 

(0,0) 




with 



(E x E)Ci © (E x E)( 2 if j < 0, 

(ExE)f Ia (Ci + 
(E x E)fi 1 (Ci 4 
if j > 1 + 



PiWa.6h = J (Sx£)/ Jo (Ci + (0,l)C2) if l<j<teo, 

K *<* ' S (Ex E)f h (Ci + (0, 1)C 2 ) if 1 +w < j < wi, 
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corresponds to the unique irreducible two-dimensional crystalline ^-representation of Gq 2 with 
characteristic polynomial X 2 — (aip k ° — ao)X + p k ®+ kl such that a^cti = —p kl , and filtration as 
above. 



6.2 A family of irreducible crystalline representations disjoint from the 
previous one 

We repeat the process of the previous example to the case where n( 2 ' 8 )(X) = II(X) = IIi(Xi) x 



Vo = (^) fc V 3 (A4, 7 ) fc V 4 (A4, 7 ) fcl , vl = (A^) fe V(A 4 . 7 ) fcl , xl = ipivll xj = cp 2 (yj). 

Then 



2 



n ( xM G? >, - G <S(n(.f ), - ( « " M 

For Zi defined similarly as in the previous section, Tl(X)(p(G { y k) ) - G 7 fc) 7 (II(X)) G {Tr k , n k )M 

and = Id mod ir. Let _P; = IL;mod7r, then P\Pq = ( k^°^ q ^ j where m = 

L^EtJ an< i P\Pq mod(p, X$. X{) — 0, hence condition (iv) of Theorem 13.41 is satisfied. If P\Pq has 
eigenvalues {x, Xx} with A e O^, then (1 + X)x = Xip m — X a p m and Xx 2 = p k °+ k i which is 
absurd. Hence all four conditions of Theorem 13.41 are satisfied and for each 7 G there exists 
unique matrix G 7 (X) G A4 2 such that G 7 (X) = JdmodTr and U(X)(p(G^(X)) = G 7 (X) 7 (n(X)). 
For any a £ m 2 E , the module N{a) = (C_E[[7r]]l r l) 771 ® (Ce[[7t]]I t I) 772 equipped with semilinear 
ip and r^-actions defined by (99(771), ^(772)) = (771,772)11(0) and (7(771), 7(772)) = (771, 772) G 7 (a) is a 
Wach module corresponding to some lattice in a crystalline two-dimensional ^-representation of 
Gq 2 with labeled Hodge- Tate weights ({0, — fco}, {0, — fci}). The corresponding weakly admissible 

filtered ^-module (D\'J,ip) is defined by 



where ai = ciip m and 



(E x £)?7i ®(£x £;)r72 if j < 0, 



FiF7n( 2 ' 8 h = J ^ x E )fioifj s vi + fjf,m) if 1 < i < «>o, 

^«r.3 J \ (£ X (/ Ja r?i + / Jff th) if 1 + wo < j < w u 
if j > 1 + wi. 

with 2: = (0,1) and y — (l,ai) (see Proposition I4.15| ). We put the Frobenius in the standard 

fel Q 

and P (ao)-Pi(ai) = 1 ko+ki _ ) which both have characteristic polynomial X — 

(on — a Q )X +p k °+ k i. Assume that A = a\ — a is such that A 2 7^ 4p fc o+fei an( j £q ^ £l 
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the distinct roots of the characteristic polynomial. Then QoPi(ai)Po( fl o)Qo 1 = diag(£cb £ i) = 
Qi-Po(ao)i 3 i(ai)Qr 1 where Q = ( £ f ~ P J o ) and Q x = ( £ ° + °° ~] ) . Let Q = Q X Q x 
and consider the ordered base £ = (^1,^2) of D^'J defined by (771,772) = (Cij&jQ- Then [i^Jj = 

QM^(Q)" 1 = ( ^ °' ^ ^ and £771+2/172 = (-p ko , a -a x +e )6 + (-p fc ° , a -«i +£i)6- 

Since e< 7^ ai — ao, an obvious base-change yields 

r 1 I \p ' a -a 1 +E j (^1 0) 

WO) (»".^) 

(£? x S)Ci e x B)Ca if i<o, 
FiPm^i = J ^ x ^)/^o(Ci + C2) if 1 < j < 

^.3 J ^ (e x (Ci + C2) if 1 + «*> < j < w x , 
if j > 1 + u>i- 

Proposition 6.3 There is no representation of the family constructed in this section isomorphic 
to any representation of the family constructed in the previous section. 

Proof. Follows immediately from Proposition [521 given that llX^-A * 1 

since £q ^ e x . m 



and 



Proposition 6.4 If v p (a) > m ■ 1, then ~ V^f. If (p + l)(p 2 + 1) | -pk Q +p 2 k x and the 

quotient is r, then 

V ^.0 )\I K 

Proof. The isomorphism V"! 2 - 8 '' ~ y^^f> follows from Theorem 13.71 The reductions are computed 

w ' a ™<° 

as in the proof of Theorem 15.131 ■ 

6.3 A family consisting mostly of irreducible crystalline representations 
with the same reduction as a split-reducible representation 

The cases where U{X) = U.^(X) = n x (X x ) x n (X a ) = ( ?l^\ kQ , fc 1 '" y „ a V This 




(q k i,q k °) (X x z x ,X z ) 

family has been studied in Section [5^41 Let a 6 m 2 E and «j = p m a.;. The crystalline representations 
Vi 1 ^ correspond to the weakly admissible filtered v?-modules y with Frobenius endomorphisms 

(<f(m),f(v2)) = (vi,V2)( K ^ k °] pk0) l" 1 ;"^ 

and nitrations 

(E x E)n x ®(Ex E)r, 2 if j < 0, 



il' , a. 



(E x E)fi 1 n x if 1 + w < j < »i, 
if j > 1 + wi. 
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A 

(Ci.Ca) such that [<p] c = I - ) , where 



If aoai 7^ 0, arguing as in the previous sections we prove that there exists an ordered base £ = 

A 
A 

(p k ° + £p)(p fcl + £i) - aoCgEQ (p kl +£ )(p fc ° +£i) -a ai£o ' 
ao(ei-£o) ai(ei-eo) 

(p* + £i)(p fcl + £ ) - ao«iei b' 11 + £i)(p fco + £o) - a ai£i 



ao(eo — £i) ai(£o-£i) 



and 



(E x E)Ci ®(Ex E)Q 2 if j < 0, 
if j > 1 + wi. 



- ; ^ ( £ x (Cl + Ca) if 1 + Wo < j < Wu 



Since Nm v (A) = (£ ,£q), Nm v (A) — (ei,£i) and v p (eo), v p (e±) > the representations vi 1 '^ are 



irreducible by Proposition 15. 11 V\ ^ is split-reducible (see Coroilarv l5.9|) . By Corollaries 15 . 101 and 



15.111 we see that if v p (a) > m ■ 1, then 

-k 



w 2 "*J 



Proposition 6.5 For any a, € p m rriE, ' s g^V^L. 



Proof. Suppose J ~ VT^ 8J and let X 2 — AX + p k °+ k i with A 2 ^ 4p fc °+ fcl be their common 

, . . ,. , • , o p ... ™ +go)(p fcl +£i) - A)/3ieo -i q. , 
characteristic polynomial. By Proposition 15.21 — -= — -= = — 1. Since A = 

(p ka +£l)(p kl +£ )-A)/3l£l 

0o0i — P k ° ~ P kl an d ^4 = £o + £i this is equivalent to A 2 = 4p k »+ k ^ contradiction. ■ 
We now search for isomorphisms between members of the families vi 1 '}^ and V^(a). We prove that, 
under a certain condition, such isomorphisms exist and we use that to compute the mod p reduction 
of the representations V^(a) when the divisibility condition of Proposition WA\ (11) doesn't hold. 

Proposition 6.6 If ko ^ k\ and there exist 0o,0i € p m mE such that p k ° — p kl — 0o0i, then 
V~ 2pkl (a) ~ V££ for any a G p m m E \ fr}, where = (0 O , 0i). 

Proof. The representations VZ 2p 1 (a), V^'^ have characteristic polynomials X 2 + 2p kl X + 
pka+k! and X 2 _ ^p Q p _ p k _ p k! jjj- + p fc +fci respectively, so we need A = -2p kl = O - p k ° ~ 
p kl which implies p k ° — p kl — 0q0\. The roots of the characteristic polynomial are distinct if and 
only if fco 7^ k\ . By Proposition 15.21 the representations are isomorphic if and only if ^^°^ fc °~^ = 

{p ko +£ Q )(p kl +£i)-A)/3 1 £o ... . 

■7—; 77—; : — — : . Since the left hand side of the equation equals this is equivalent 

{p ko + £l)(p k i + £0) - 0O01S1 

to £i(p fe ° + £o){p kl + £1) = £o{p k " + £i){p kl + £o)- A simple computation (given that £0 7^ £1 and 
A = £q + £1) shows that this is equivalent to A = —2p kl , which is the case. ■ 
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Corollary 6.7 If ko ^ k\ and there exists /3o,/?i G p m mE such that p k ° — p kl = (3 Pi, then 

' ^ \ 



K v w \ ')\i K 1 o w. 



feo 
2, t 



/or anj/ A,a£ p m mE- 



Proof. By Proposition 16. 6i V- 2p 1 (a) ~ V^'P f° r an y a e p m mE \ {p^-, j^rl- Since k\ > m and 
Up (a) > m, V^J~ 2p 1 (a) ~ ~ V^'P an d the corollary follows from Corollary 15. 101 ■ 

7 Families of three-dimensional crystalline representations 

In this section we apply Theorem 13.41 to construct a family of Wach modules corresponding to 
three-dimensional crystalline representations and compute the semisimplificd modulo p reduction 
of the family. If V is a three-dimensional crystalline iJ-representation of Gq p , we may twist by some 
power of the cyclotomic character and assume that the Hodge- Tate weights are {0, — fci, — fe}, with 
ki > 0. For simplicity, we assume that the fcj are both positive. Let 



u(x) = n(x ,x 1 ,x 2 )= ( o 

q k 2 

where Zi € 1 p [it] are polynomials of degree < k — 1 to be defined shortly, where k = k± + k 2 ■ Let 
G (k) =diag(^,x7,^), then n{X)ip(G^ k) ) - G ( f>-/(Tl(X)) = 

„7\ 




Xq — ip(x2 

q k ^(xj) - xj( 7 q)^ (zMx^-xJ^X, 

Q k2 f(xo) - xlijq) k2 {z (p(xj) - x^(^z ))X (z 2 if{xl) - x^(^z 2 ))X 2 



We want q kl tp{xl) = xj(-fq) kl , q k2 <p(x%) = x^{jq) k2 , = ^{xj) and (z ip(xl) - x1(jz ))X , 
(ziip(x%) - xKjzi)) X-l, (z 2 (p(xn!) - x\(^z 2 )) X 2 £ n k OE[[n;Xo,X 1 ,X 2 ]], where k = ki + k 2 . 
By Lemma HOI = v{^2 n ) k2 , xj — (Ai )7 ) fel , x 2 = (A 2 , 7 ) fe2 . We need to define z\ so that 
Z\ip(x 2 ) — xj(-fzi) £ 7r fe Zp[[7r]] for all 7 £ Ta'- Since x^ = f(yj) and xj € 1 + 7r fc Z p [[7r]] (see 

Corollary [4?3] part (2)) it sufhces to have zi — ^7^1 G 7r fe Z p [[7r]] f° r au 7 € IV, where £> = y ^^fc 2 ■ 
Since B £ TZ (see Corollary I4.4[) and £? ee 1 mod 7r, the existence of 21 follows from Corollary 



. . t ... . (k) 

14.41 The existence of zq and Z2 are proven similarly and the existence of the matrix G\ such 
that U(X)ip(G (k} ) - G {k) j(U(X)) £ 7T k M 3 for all 7 £ T K , and G (k) = Idmodn follows. Let 
P = ITmod7r, then (p kl+k2 P^ 1 ) mod(p, Xo, Xi, X 2 ) = 0, therefore the operator in condition (4) of 
Theorem 13.41 is the identity. A direct computation shows that if HP — p t PH for some t > 0, then 
H = 0, therefore Theorem 13.41 applies. For each 7 £ Tk, there exists a unique matrix G 1 {X) £ 
M 2 such that Gry{X) ee JcTmodTT and H(X)ip(G y {X)) = G 7 (X)~f(Il(X)). For any a £ m E the 
module N(a) — {Oe[[it]]) t]i(B(Oe[[tt]]) V2®(Oe[[^]]) V3 equipped with semilinear ip and r^-actions 
defined by (<p(»?i), fim), V^s)) = (»7i, J/2, %)n(ffl) and (7(771), 7(772), 7(773)) = (771, 772, 773) G 7 (a) is a 
Wach module corresponding to some lattice in a crystalline 3-dimensional ^-representation of Gq . 
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-1 





p ki 


ai 


pk 2 


ao 


a 2 



Let a € m%, since Zi = p m modn, with m = [ kl ^ p k2 1 1 J, we have P(a) = 

where — aip m . Arguing as in Proposition 14. 151 one sees that 

{Efji © Efj 2 © Efj 3 if j < 0, 
^ © 13fe if 1 < j < rnin^ fe 2 } 
£/ry t if 1 + mm{/ei, K2} < j < max{/ei, K2}, 
if j > 1 + maxjfci, k 2 }, 

where fjt = fji if k\ < k 2 and fjt = fj 2 if k 2 < kx- For any a £ p m m? E , we define families of filtered 

/ C ) -1 \ 
(^-modules (D(a), f(a)) by setting [93(a)],, = p kl a\ and 



Fi£ j D(a) 









-1 





pki 


a 1 


p k 2 




Q 2 



E<qx © Erj 2 © Erj 3 if j < 0, 
© Ei] 2 if 1 < j < minjfci, k 2 }, 
Erjt if 1 + min{fci, k 2 } < j < maxjfci, k 2 }, 
if j > 1 + maxjfci, k 2 }, 



where r\ t — r]\ if k\ < k 2 and 774 = r\ 2 if A)2 < fci.They are weakly admissible corresponding to 
3-dimensional crystalline representations V(a) of Gq p with Hodge- Tate weights {0, —kx, —k 2 }. 



Proposition 7.1 The following isomorphisms hold: 
(i) For any a € p m m E , Via) ~ F(0); 

(wj //> + 1 { fc 2 , tfien V (0) ~ u;- fcl ffi/n(i G ^ 2 (w^ 2 ); 

fmj P> + 1 I fc 2 , t/ien 1/(0) ~ w~ fcl © p,^ l uj^~^ © /j_ v /^ t cj~?ti ( 

where to is the mod p cyclotomic character ofGq p , M± v /tti unramified character of Gq p which 
maps Frobp to ±V — 1 twid W2 i/ie fundamental character of level 2. 

Proof. Part (i) is immediate by Theorem 13. 71 We change the base to have the matrix of Frobenius 

/ 1 \ 

h I fc2 I fc 2 / \ 

in diagonal form. Let E\ = p, — y— lp~ and £3 = — V — lp~ . If A = —62 1, then 

\-£3 I J 

APA^ 1 =diag(ei, e 2 , e 3 ), where P = [(^(0)],,. Let £ be the ordered base of -D(O) defined by ?/ = 
£ • A, then [ip(0)](_ =diag(£i, e 2 , £3) and 

C P£iffiP6©-Be 3 ifj<0, 

FiPD(0) = J ^ 8 £fe + 6) if 1 " J " min{/ci ' fc2} ' 
^ ' j Et; t if 1 + minjfci, k 2 } < j < maxjfci, k 2 }, 

\ if j > 1 + maxjfci, £2}, 



where £ t = £ 2 + £3 if fci < k 2 and £ t = £1 if k 2 < k\. One sees that the submodules P£i and 



Et; 2 © P^3 are t/?-stable and it is trivial to show that ij|(P£ 2 © E^) — k 2 . On the other hand, 



Fie (Ei 2 © Ei 3 ) = 



£6©^3 if J <0, 
P(6+6)if l<j<min{fci,fe 2 }, 
P£t if 1 + min{fci, k 2 } < j < maxjfci, k 2 }, 
if j > 1 + maxjfci, /C2}, 
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where £ t ' = £2 + 6 if h < k 2 and = if fe 2 < k\. From this it follows that t%(E£ 2 ®E£ 3 ) = k 2 (c.f. 
[121 § 2.4]) and -E£ 2 ©-^£3 is an admissible sub-object. Similarly, one proves that E£i is admissible. 
The filtered module E£i corresponds to x~ kl > where \ is the cyclotomic character of Gq p . The 
filtered iy9-submodule E£ 2 © E& is the same as Dk 2 +i,o in [5j § 3] with Frobenius diagonalized. 
The Proposition follows from Prop. 3.2], bearing in mind that we are dealing with the dual 
representation. ■ 

Remark 7.2 In the three-dimensional, case other families of Wach modules of Gk can be con- 
structed by using matrices IT = IT x II2 x ... x Hf—i x Ilo, with IT being matrices of the formed used 

( -1 -1 \ 
above along with e.g. matrices of the type q Wl1 Xjo^o XuZi ■ The corresponding crystalline 

\ q w > 2 J 

representations will have labeled weights ({0, — Wa, — Wi2}) T . ■ Analogous constructions apply in any 
dimension. 
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